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Ken:keb6aeB Kenkeraaun Kenxedaysibl

1953 oicoinvr 6 xaymapoa Axmebe obavicvl batizanun ayoanwvt [onvizmay
endi-mexeninde OyHueze keneen. 1969 ocvinvr JKanasxcon opma uexmeoin, 1974
el Akmobe nedacocukanvik uncmumymotn, 1.1llesuenko amvinoazel Kues
MeMmlieKkemmiK — yHueepcmumeminiy — acnupawmypacvin 1984  oicelawvl,  ocbl
yHusepcumemmiy ooxmopaumypacwvin 1995 oicolnvt momomoaost. Kozapvli 0Ky
opubiH  Oimipeen coy Axmebeodeci Nel2 opma mexmenme, JKesxaszzaw
neodazocuKkanblk — UHCMUmMymolHOa  oxbimyuivl,  Axmebe  neda2ocuxaivik
UHCIMUMYMBIHOA a2a OKbIMYuwbl, 00YyeHm, npogheccop KvlzMemmepiH Hcacaobl.
1995-2017  oacvinoapoer K. JKybanoe — amvinoazvl  Axkmebe — memaeKkemmik
VHUBEPCUMEMIHIH peKmopbl O0IbIN Kbl3Mem amKapobl.

Fanvein  K.Kenowcebaeemoiy 100-man acmam evlivimu enbexmepi TMJ[
en0epiniy OACHLILIMOAPLIHOA HCAPBIK KOPOIL, 01apOblH beceyi MOHO2pApUsL MeH OKY
-20icmemenix Kimanmap. OHnbly JlcemeKuiniciMen oupag
epeHyUanovly meHoeyiepoiy Canaivlk MeopusiCblH 3epmme)y JHcaHe 0ackKapyovly
MaAmemMamuKaivlK meopusiCblHblY Kelubip ecenmepin mandan xiacay HCOHIHOe2l
evlibimMu  mexkmenmepi  Kanvinmacmol. Fanvim  1999xc. Koneneazcen (/lanus),
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Moackey (Peceu), /roccenvoopg (I'epmanus) xananapvinoa omkeH XaablKaApanblk
CUMNO3UYM MEH 2bLILIMU KOHepeHYUuanapoa Ma3myHobvl 6asHOaManiap iHacaovl,
oughgepenyuanovly menoeyiep, aneeopa HcoHe manday npooAEMANAPbIHA
apHanean vliblMu KoHghepeHyuss omkizy oacmypee auHan2an. Fanviv evlivimu
i30enyuiinep MeH acnupaummapaa dcemexkuinik emyoe. Onviy dHcemexulinicimen
Oip Ooxmopavik, ceei3 Kanoudammulk ouccepmayusi Kopeanosl. K.JKybanos
amvinoagbl Akmobe Memaekemmix YHU8epCcumeminiy Mamepuanioblik-mexHuKablK
0azaceln  HblRAUMY2A ~ JHCIHE  OHOARbL  EbLILIMU — 3epmmey,  20icmeMmeniK
aHcymwicmapovl  opicmemyoeei 30p enoezi ywin on 1998 owceiivt  Axkmebe
oonvicvinbly "XKoin adamul”  amaegvin uenendi. 1999 owcvinel batizanun ayoanuvl
XANIKbIHLIY CeHIMIHe ue OO0abln, O0OILICMbIK MICAUXAMMbIY Oenymambl 0010bl.
"bavieanun ayoanwvl”, "Axmobe kanacer" "Axmebe obavicvl" scone "Kazaxcman
Pecnybnukaceinoiy” Kypmemmi azamamol amanowvl. "Kazax mini" xaneixapanoly
KO2AMbBIHbIY — 00JbICMblK  OONIMULECIHIY MOpARACbl  OONbIN  HCYMbIC — icmeoi.
Convimen Oipee evlibiM JicoHe OiiM  canacviHoazvl eHoex ywin "Acmana',
"Tayencizoixmiy 10 oscvinovizel” "Tayencizoikmiy 20 scvinodvievl” medanoapvimer
mapanammanowvl. byeinei manoa eanvim  ¥ammoeix Folibiv  akademuscbIHbIH
Kypmemmi Axademuei, KP Yimmoix uHoicenepiik aKaoemusiCblHblY MOIbLK
myuwieci, dHcaHe ocvl Axademusinviy Axkmobe guauanvinbly mepazacwl dcoHe KP
Yammulk orcapamulivlcmany bliblMOapbl aka0eMusacvliHbly myuteci. Mamemamuka
canacvlna Kockau yinecmepi ywin Yxpauna Y¥FA-ueiy M. .Ocmpacpaockuii
amouinoazvl anmuii meoanimer (2002) scvinvt H.H.Boeonio6ose ameinoazel ecmeltik-
meoanivmern (2002), Kasaxcman ¥)KFA-uoity On-@apabu ameinoazvl Kymic
meoanoapvimen (2010) mapanammanzan. 2012 occvinet "KP binim bepy icinen
JiCoHe eblIbIMbIHA enbeci cineen kvismemkepi”, "Kazaxcmanuvly enbek cinipeen
Kavpamkepi” amaxmapuvina ue 6010vi. Memnexem 6acuwivicoinbiy Kapivizvimen
eNiMI30IH INeYMemmIiK-9KOHOMUKATILIK JHCOHEe MIOEHU OAMYbIHA KOCKAH eneyii
yaeci ywin "Kypmem" opoenimen mapanammanowi. K.Kemnowcebaes obavicmulk
Macauxammuoly 6ec UaKblpbLILLMbIHbIY 0enymambl O010bI.

K. Kenocebaes myaan stcepOiy mapuxvlH mapasvliayod XaaKblMbl3 MapuxvlH
3epoenell 3epmmen, mepey Oiyi, OOLIXAUbLIP XAHHLIY OH KOJbl, OHIpIMI30e
mayencizoixk mywvlH ocendipemken  6ahadyp boxenbaii Kapabamwvipyavina
Kamovicmol Peceti apxusmepinen xyscammapowl i30ecmipyoi YubLMOACmulpbin,
OHbIY He2i3iHOe JiCA3bLIEAH ANAWKbl KIMAaObIH JHCAPBIKKA WbI2APYeA  HCIHe
eckepmiiwin — awyea am canvicmol. K. Kenoicebaesmoly — necizei  bliviMu
eHoexmepi.:

1. Koncmpyxmuenvie Memoovl aHaiusa nepuoouyeckux U MHO20MOYeHHbIX
Kpaesulx 3a0aull.

2.Memoovl KOHCMPYKMUBHO20 AHAIU3A peuleHull Kpaesvlx 3aday 0Js
cucmem oug@deperyuanbHbix YpagHeHUll.

3.Ilepuoomyul,  kK6n  HyKmeni — WeKApauvblK — ecenmep  AHANU3IHIY
KOHCMpYyKmuemi aoicmepi.

4 Jluchgpepenyuanvooly menoeyaep dHcone MaAmeMamurKaibl QU3UKAHBIY
Koxeumecmi macesnenepi.
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RESEARCH OF A NONLOCAL BOUNDARY VALUE PROBLEM
BY PARAMETERIZATION METHOD

G.A. Abdikalikova
K.Zhubanov Aktobe Regional University, Aktobe, Kazakhstan
e-mail: agalliya@mail.ru

Abstract. The nonlocal boundary value problem with integral condition for the system of
partial differential equations is considered. Sufficient coefficients conditions of well-posed
solvability of the problem are obtained by the parameterization method as well as algorithm of
finding solution are offered.

Keywords: method parameterization, integral condition, nonlocal, Friedrichs, algorithm.

Among the boundary value problems for partial differential equations,
problems in which the conditions connect the desired solution and its derivatives in
various points lying on the border or inside the considered area are of considerable
interest. Boundary value problems with nonlocal conditions for a wide class of
partial differential equations have been studied by many authors using various
methods. Note the works [1]-[2], where you can find a detailed overview and
bibliography on these problems.

Finding effective signs of the solvability of boundary value problems for
some classes of partial differential equations, developing new effective approaches
to the study of boundary value problems, and developing iterative methods for
partial differential equations are relevant both for expanding the class of well-
posed solvable boundary value problems, and for applying mathematical methods
to the problems under study.

Boundary value problems for systems of hyperbolic equations with mixed
derivative are investigated and solved by the method introduction of functional
parameters [3], which is a modification of the parameterization method [4]
developed by Doctor of Physical and Mathematical Sciences, Professor D. S.
Dzhumabaev for solving boundary value problems of ordinary differential
equations.

Nonlocal problem with integral conditions arise in mathematical modeling
of various physical phenomena. Nonlocal boundary value problems with integral
conditions for partial differential equations began to be studied relatively recently.
In [5] considered a nonlocal boundary value problem with integral condition for a
time variable for the system of hyperbolic equations with a mixed derivative.


mailto:agalliya@mail.ru

We consider the nonlocal boundary value problem with integral condition on
Q={x1):t<x<t+o,0<t<T},T>0, >0 for the system of partial differential

equations

D{%u} = A(x,t)g—i+ S(x,tlu+ f(xt), ueR", (1)
B(x )ZX (x,0)+C(x x+T T +}K )ds = d(x), )
u(t,t)= ‘P(t), te[0,T]. (3)

Here u(x,t)=col(u,(x,t),u,(xt)...,u,(x,t)) is unknown function;D:§+§;

(nxn) are matrices 4(x,t), S(x,t), K(xt), n is vector-function f(xt), (nxn) are
matrices B(x), C(x), n is vector-function d(x) and is function ¥(t) continuous on
Q, [0,0], [0,T] accordingly.

In the present work are investigated a questions of well-posed solvability to
wide extent of the nonlocal boundary value problem (1)-(3).

Used the work’s idea [3], [5] introduce new unknown functions [6]

v(x,t)za—u(x,t) and investigation problem is reduced to the equivalent problem for
OX

the system of hyperbolic first-order equations

Dv = A(x,t v+ S(x,tlu+ f(x,t), (xt)eQ, 4)
B(xVv(x,0)+C(xV(x+T,T) +}sz)1xs)ds_ d(x), (5)
—w()+ [vintin,  teloT] ©)

A pair (v(xt)u(xt)) of continuous functions on Q is called a solution to
problem (4)-(6) to wide extent of Friedrichs if the function v(x,t)eC(Q,R") has a

continuous derivative with respect to t along characteristic and satisfies family of
ordinary differential equations, and condition (5), in which the functions u(x,t) and

v(x,t) by the functional relation (6).
Using method of the characteristic receive inthe H={(&,7):0<<w,0<7<T},
T>0, >0:

Q)|%

= AE N +S(E (g 0)+ F(Er), ce[0T], )
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(i)v((:owé)véﬂ] K ol(gr)dr=d(g) ¢eoa], (8)

S+t

(& 7)=¥()+ [T o)de,  ze[0T], ©)

T

where V(f,r)zv(§+r,r), U(f,r)— (§+T r) ~(§ r)= A& +7,7), ~(§,T)=S(§+r,r),
K(&7)=K(E+7,7), F(&7)=f(E+7,7); the (nxn) matrices A(&,7), S(&,7), K(&,7),n-
vector-function f(£,z) is continuous on H; (nxn) are matrices B(&), C(&), n-
vector-function d(&) is continuous on [0,»], and n-vector-function W(z) is
continuously differentiable on [0,T].

The continuous functions V(&,7) on H is called a solution to problem (7)-(9)
if the function ¥(¢,r)eC(H,R") has a continuous derivative with respect to  and
satisfies family of boundary value problem for the system of ordinary differential
equations, and condition (8), in which the functions d(&,z) and V(&7) by the
functional relation (9).

The continuous functions u(x,t)=x(x—t,t) on Q is called a solution to wide
extent of boundary value problem for the system of partial differential equations
(1) with nonlocal integral conditions (2) and (3).

For the finding solution of boundary value problem (7)-(9), an algorithm is
offered.

Step-0: in (7) acceptingl(&,7)="¥(r), and solved boundary value problem
(7)-(8) we shall define initial approachv®(¢,z). Using the V(&,7)=v(£,z) from
correlation (9) findingui(¢&,7).

Step-1: we shall take in right part (7) d(¢&,7)=T(&,7), and solving boundary
value problem (7) (8) we shall define initial approximation V% (¢, 7). Substituting in
(9) the function v¥(&,7z) found, findingG®(z,7).

And so on.

On step & : continuing this process we shall get (V¥ (2, 7),a®(&,7)).

On each step of the offered algorithm using the parameterization method [4].

By fixedd(&,7), & <[0,w|the problem (7)-(8) will be problem for equations

(§ TV +G(§ 7), 7€[0T] (10)

Q’I%’z

with condition (8).



The continuous function v:H — R" that has a continuous derivative with
respect to r on H is called a solution of the family boundary value problems (10),
(8) if it satisfies system (10) and condition (8) for all (¢,z)eH and &e[0,0],
respectively.

To family boundary value problem for the ordinary differential equations
using the method parameterization [4].

Sufficient conditions are obtained for the unique and well-posed solvability
of the problem in the terms of invertibility of the matrix, and boundary condition.

Since problem (7)-(9) to equivalent problem (4)-(6), as well as boundary
value problem (4)-(6) and (1)-(3) equivalent, find the nonlocal boundary value
problem with integral condition for the system of partial differential equations of
the second order (1)-(3) has the unique solutionu*(x,t)e C(Q, R").

Theorem. Let be boundary value problem (10), (8) for the differential
equations of the well-posed solvability. Then following approximate
(V¥ (£, 7)T®( 7)) converges to the unique solution of the problem (7)-(9) and
nonlocal boundary value problem (1)-(3) there is well-posed solvability in the wide
extent.

When investigating and solving a nonlocal boundary value problem for a
system of partial differential equations, a parameterization method is used, which
allows to establish the well-posed solvability of the problem along with unique
solvability. The coefficient conditions for well-posed solvability of a nonlocal
boundary value problem for a system of equations are established. Sufficient
conditions for the well-posed solvability of a boundary value problem with a
nonlocal condition are established in terms of a matrix formed on the right side of
the equation system and the boundary condition.

If solution built to the wide extent, continuously differentiable with respect

to x andt, that function u(x,t) has continuous partial derivativesg—l:,g—“, D[%u}
X

and satisfies equation (1) for all (x,t)eQ and conditions (2)-(3) is and classical
solution nonlocal boundary value problem (1)-(3).

REFERENCES
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M.: Nauka, 2006. - 287 p.
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VJIK 745.03

JTU®OEPEHIUAJIIBIK TEHJAEYJEPAIH CAHAJIBIM/IbI
"KYWEJEPIHIH IIEIIIMIHIH BAP KOHE KAJFbI3 BOJYbI

Aonyuianosa K.C.
Kazaxckas I'onoenas Apxumexmypuo-Cmpoumenvhas Axademus, Aamamel, Kazaxcman
Email:_zh.abdullanova@mail.ru

Anparna. byn makanmama muddepeHnuanaplKk TEHACYIEPAIH CaHAIBIMIBI JKYHECIHIH
menrMaepinia  6ap 00JIybl MEH JKaJFbl3 OOJybl CHSKTBI KEHOIp JKaJmbl Kacuerrepi

KapacCTbIpbLIFaH.
Judbdepenumanaplk TeHACYICPIiH CaHATBIMIBI KYHECIH KapacThIPalbIK:
dx
a:ws(t,xl,xz,...) (s=12,.)

Ocbhl KYHEHIH OH YKaFblH KaHAFaTTaHbIPAThIH 1-6 ImapTTapbl KOMBUIFAH.
Keitin ~ w,(t,V,,Y,,...) OyHKUMSCBIHBIH ~ OepimreH  obOibicta  1-6  mapTrapbiH
KaHaraTTaHabIpaThi xanracel (1, X, X,,...) QyHKIHSCH 31emiHe i,
EHnpi xeneci xxylieH1 KapacThIpaMbI3
dx,
dt
mynaa f(t, %, X,,...) pyakuuscer W, (t,Y,,Y,,...) GYHKIUSICHIHBIH TaObLIFaH JKAFACHI.

= f (t, X, X,,...) (s=12,..)

By xylieHi KybIKTaIl ecenTey o9AiCiMeH IeHIeMi3.

ConbIMeH, OyI1 JKyieHi menry OapbIChIH/Ia OHBIH IIEHENTeH HIeniMi 0ap eKeHAIriHe KoHe
OHBIH OIpKAJIBINTHI Y3UTICCI3AIriHE KO3 XKETKI3eMi3.

Tyiiin ce3aep: caHanbIMIBI XKyilenep, MemiMAEPiHiH KalFbl3 00Jybl, MIEHENTeH MM,
OIPKATBINTHI Y3UTICCI3IIK.
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Huddepenunanablk TeHASYIEPAIH CaHAIBIM/bI )KYHECIH KapacThIpanbIK:

dx

dt

MyH/a t-HaKTbl TOYEJCI3 alHBIMAJBL, X,X,,...- { aHHBIMAJIBICHl OOIBIHINA AJbIHFAH

=W, (t, X, X, ,...) (s=12,..) (1.1)

130eMIHA1 HAKThl (YHKUUSATIAPIABIH CAaHAJIBIMABL OKUBIHBL, W, W,,..= t,Xx,X,,...
IIaMaiapelHbIH - OJapJbIH  ©3repy OoO0dbICHIHAa G, = {(t,X,,X,,.):0<t<r, |x|<R}
OepuIreH HaKThl (PyHKIUsIIAp.

(1.1) Ttenaeysep KyHeciHIH OH >Karbl OCpLIreH 00JIbICTA KeJleci MapTTapabl
KaHaFaTTaHABIPCHIH:

1. w,pyHknuscel t OoMbIHIIA y31Iicci3, Ke3 KenreH G, OOJbICHIHAH ajlfaH
HYKTE YIIIH, SFHU

W, (t + AL, X, X, ,.0) =W, (L, X, X, ,...) >0, (At —0)

2. A byHKIUSCHI X;s Xy yeee OoipiHIa  JlMmmun —~— 1mapThIH

KaHaFaTTaHABIPaIbl, SFHU
W, (1 X, X ) =W, (60, X0 ) K @) | AX L | AX = supll X, =X 11 % =X ],

MyHna «(t) - t 6olibiHIIA &, =[0,r] cerMeHTIHAe y3UTicci3 PyHKIUS.

3. Ke3 kenren te[0,r]ymin x, =X, =..=0 OosFaHga Keneci TEHCI3IIK
OPBIH/IBI

|w, (£0,0,..) I< A1),

MyH7a A(t)- t GoiibIHIIA y3imicci3, t € [0,r].

1-3 maprrapbeIiHaH Kejeci canaap mibIFaibl:

4. |w,(t,x;,x,,...) [€ a(t)sup[] X, || X, |,,---]+ B(t)

5. Ke3s kenreH (t,x) e G, HYKTeciHae W, QyHKIHSIAPHI Y3UTiCCi3.

[eHABIFBIHAA || AL | + || AX || > O ,601ca

W, (6 A X, + A X, + A, ) =W (6%, X1 > @(OSUDR] A% [}, 3da || AX = supl] A, || AX, |..]

6. te[0,r]0omFanga QyHKIMSIAPBI TEHAOPEXKENl Y3UTicCi3 koHe G,
OOJIBICTAaH MIBIKIANIBI, SFHU
| X, (t) € R ,om0a | W, (t, x, (t), x, (t),...) |< a(t) || X, (t) [< Ra(t) .
1-6 maprrapel G, = {(t,X,,X,,..):t >0, |X,[<R} OOIBICBIHAH aJbIHFAH Ke3
KEJITeH HYKTE YIIIiH OPBIHAATYHI J]a MYMKIH.
Erep Oyn Tanam opeiHganMaca, ogaa t>r OonraHaa

a(t) =a(r), St) = S(r), w, (t, X, X, ,...) = W (I, X, X, ,..0) -
byn sxepmer kepiHinm Typ, a(t), A(t), W, (t, X, X,,...) GOYHKIHUSIAPBIH OCBHLUIAN
KalFacTeipca, 1-6 mmaptrapel G, OOJBICBIHBIH Ke€3 KEIreH HYKTECiH/e

OpPBIHJAJIA/IBI.
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1-6 maprtTapel Tek G,00JBICBIHBIH HYKTEJIEepi FaHa emec, Oacka
G, ={-oo<t=<+m, |X,|<R} OONBICHIHBIH Ke€3 KEJIreH HYKTECIHIE OpPbIHAAIYBI
MyMmkiH.  Erep Oyn  mapr  opelHAanmaca, oHzaa t<0  OonraHzaa
a(t) = a(0), A(t) = £(0), w, (t, X, X,,...) =W, (0, X;, X, ,...) JIEI aJTaMBI3.

a(t), Bt), w, (t, X, X,,...) (QYHKUMSICBIHBIH MyHAAl KanfacTelpybl YIIiH 1-6
maptrapbl G, 0OJBICHIHBIH K€3 KEJITreH HYKTEJIEePIHE OPbIHAAIAIbI.

1-6  maprrapel  Tek  G,00NBICHIHBIH ~ HYKTEJepl  FaHa  €Mec,
G z{(t,xl,xz,...) ] tl=oo,|| X||I=sup{| X, |}—<oo} OOJIBICBIHBIH K€3 KEJITreH HYKTECIHJe
OpBIHAATYBl MYMKIH.

Erep Oyn Taman opbiHAanMaca, oHAa W, (QYHKIUACHIH Kejecl Typle

XS

JKAJIFACTBIPAMBI3: Y, = X, den aramwi3, ezep | X, [<R;y, = Oen anamviz,ezep | X > R.

S

bynan |y, [<R, anm ymOypsimTap KaOBIPFACBIHBIH KAacCHUETTepl HEri3iHe
| yi —yi < X, —x! | HIBIFaIBI.

Enmi f (t, %, %,,...) =W, (t, ¥y, Yyrenr) (s =12,...) nen ajaubIK.

f (t, X, X,,...) DYHKIHSACHT W, (t, X, X, ,...) (GYHKIUSACHIHBIH KalIFachl 00J1aibl
KoHe G 00JbIChIHAA OapIbIK 1-6 mapTTapblH KaHAFATTaH IbIPAIbI.

Keneci Tenaeynep xyiecin KapacThIpalbIK
dx
dt
byn xyiieniH oH xarbl G, oOmbickiHAa (1.1) skyHeciHiH OH J>KaFbIMEH

= f (t, X, Xp,.0) (s=12,..) (1.2)

Oerrecemi, an G oOmbIChIHAA OapiblK 1-6 MmIapTTapblH KaHaraTTaHAbIpaasl [1,

c.321].
(ty, X°1,x%,..) € G,|| X, ll= sup[| X% |,| x°2 |,...]00aCHIH. BepinreH HYKTE apKbLIbI

oereTiH (1.2) >kyHeciHiH MmENIMiH Ti30€KTeN >XYBIKTay OJICIMEH €CenTenMis,

MYHJa:

xP (1) =x],
t

XO(t) =X+ [ (e, %3, )dr
o (1.3)
t

XM (1) = x? + [ f,(0. " (2), X" (2),...)dz, s=12,., m=23,..
[

1-6 mraprrapsl Herizinme, ke3 kemren m=1,2,... yoria x™(t), x{™ (b),...

byHKIMsUIappl t MOHIHIH Ke3 KEJITeH IIeKT1 MOHIHJE aHBIKTAJFaH, OIpKaIbIIThI
y3lIicci3,Kenect mapTTap/ibl KaHAFaTTaHAbIPaIbI:
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|50 ®) =X [< [IBE@)+ 1 % | a()]dr,

t (1.4)
| XM (1) - xM (1) [< Ia(f) I AX™ (2) || dz,
to
Erep aHbIKTBIK yIIiH t>t,005FaH/a,
| AX™ (t) [I= sup{l X () = x{" P () |,...}-
[a,b]-epKiH CerMeHT, t,t, [a,b], a1 OHBIH Y3bIHIBIFBI | OOJCHIH.
M = max] B(t)+ || X, || ()], a=max (), ouma (1.4) Heri3iHAe MbIHAY

HIbIFaJbI.
[xO ) —x? KM |t-t, < MI,

t—t 2 _ 2
| X2 () —xP (1) |< Mlﬂs Mal—,
2 2
m+1 m+1
X )~ x ) je mim L L pyn ]
(m+1)! (m+1)!

bynan keneci katap
Xs (1) = X + (3 (1) =x U 0) + (x () = % (©) + ... (1.5)
Ke3 KeJITeH t YIIiH a0CONIOT )KWHAKTHI JKoHE [a,b] YIIiH KUHAKTBUIBIK t OOWBIHIIA

OIpKaIBINThI, S OOMBIHINIA TEHIOPEKEII:

| XM (t)-x (t) <&, eeep m>N(g)
CoHBIKTaH
x, (), X, (t),... (1.6)
byHKIUAIapbl TEHIOPEKEN Y3UTICCi3, KoHe /1€ erep x, (t) = I!mo x™ (t) 6osica, oHIa

f (t, X (), X, (t),...) dyHKUMSIIapB! t OOWBIHIIA OipKaIBIITHI [2, ¢.315].

Cou ceberrri

X, (t) = x? +_t[ f.(z,%, (¢), %, (7),..)dr
b (1.7)
dx, (t) _

— = fo(t, %, (1), X, (t),...)

Sram (1.6) Tenneynep xkyieci — (1.2) Tenaeynep K yheciHin (ty, X, Xg,...) € G
HYKTECI apKbUIBI OTETIH TEHIOPEKEI1 Y3LTICCI3 MEenTiMi.

2.- mapt OoibiHma (1.2) Tenaeynep kyieciHiH (t,,x;,X5,..)eG HyKTeci
apKbUIbl OTETIH TEHJSPEKEN1 Y3UTICCI3 MIEHTIMI TEK KanFbl3 0onaasl [3, c.456].

AWTanbIK, X, =X (t), X, = X, (t),...— (1.2) TeHueynep xKyueciHiH (t,,x;,X;,...) € G

HYKTEC1 apKpUIbl OTETIH IIeKTelareH miemiMi OoiceiH. Onpa Oy miemiM Oap
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00JaThIH OEPUIT€H ¢ CErMEHTI YIIIH 7(c) aKbIpibl CaHbl TaOBUIBIN, OapibIK t € o

MOH/IEp1 YIITH KeJiecl TeHCI3/IIK OpbIHIaIa bl

supl| X, (t) L1 X, () |-, X, () |,...] < T (o) - (1.8)
Omnpa (1.8) Herizinae xKoHe 4-KacueT OOMbIHIIA
dx,

" = (6%, (1), X, (0)....) [£ a(O)T (o) + w(t)

SArau X/ (t), X, (t),... s OOMBIHIIA TEHAIPENKEINI IEHENTEH.

Coupnbikran (1.2) Tenneynep KyWeCiHIH MICKTEITeH MIEHIIMI TEeHIdpekKenl
Y3UIiCCi3 mIeniMi OOJIBIM MIBIFAIbI.

Teopema 1.1. G o0BICBIHBIH opOip OepinreH (t,,x°1, x%2,...) HYKTECi apKbLIbI
(1.2) Tenneynep KyieciHiH IIEKTENIreH, JKalFbl3 MIEHIMI OTe/l, 0J TeHIdpexKeni
y3uricciz OoJanbl, KoHe OWI ImemiM t-HbIH OapliibIK IIEKTI MOHJEpiHIe Oap
OoJ1aIbl.

An G, obnwiceiHna (1.2) tenmeynep xkyieci (1.1) xyliecimen OeTTeceTiH
OOJFaHJIBIKTaH, KeJIeCi TeopeMa OPbIHIbI

Teopema 1.2. G, 00JbICBIHBIH opOip OepiareH imki (t,,x°%,x%,..) HyKTeci
apkbutbl (1.1) TeHmeysnep >KyHecCiHIH IIEKTENreH, KalFbI3 MIeNIiMi eTemi, O
TEHIOPEKEN1 y31Iicci3 O0abl, )KoHe O IIeNTiM t-HbIH OapJibIK [0,r] apajabIFbIHAH
anraH MoHJepiHae 6ap 6omaasl, sup[| x,(t)[,] X, ()], ] <R.

(1.2) Teraeynep xkyieciHis (t;, Xy, X,9,---) HYKTECI apKBLIBI OTETIH HIEHIIMIEPI
IeKci3 Ker 00Iybl MYMKIH, OipaK ojap TeHIOPEKeN y3uTicci3 60IMaybl MYMKIH,
COHJIBIKTaH OJIap IIEKTEJIMETEH OOJaIbI.

Mpican KenTiperik.

Kemneci xxylieH1 KapacThIpailbIK

E = Xs1
byn xyie G, = {(t,xl,xz, ) I t]=oo,supq] x; [} < R} OOJIBICHIHJIAa AHBIKTAJIFaH,

s=12,. (2.9)

YKOHE YKOFAPBIJaFrsl MAPTTaPAbIH Oap/IbIFbIH KAHAFaTTaHIBIPaabl, a(t)=1.

(ty, X190 Xo0s---) HYKTEC1 QPKBIIBI OTETIH MICTIIMIH TaOaNUbIK:

Xs (t) = Xs (to) + j Xs+1 (T)d 7, Xs+1 (t) = Xs+1 (tO) + j‘XS+2 (T)d T

to to

s+l

t
Xél) (t) =X (to) +IX(0) (T)dT =Xy t Xé?-)l (t _to) = Xs0 T Xg410 (t _to)
to

X§1+)1 (t) = Xen (to) *+ Xsi2.0 (t - to)
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t
ng) (t)= X, (to) + J Xs(i)l (r)dz = X (to) + I[Xs+1 (to) + Xsi2 (to Nz — t, )dz = Xs0 T Xg.10 (t- to) +
)

(t_to)2

+ Xs+2,0 2|
(t—t,)° (t—t,)°
XS) (t) = X5 t+ Xs+l,0 (t - tO) + Xs+2,0 TIO + Xs+3,0 Tf
(t-1t,)* (t-t,)° (t-1t,)"
ng) (t) = XsO + Xs+l,0 (t - to) + Xs+2,0 —IO + Xs+3,0 3|0 +..t s+k,0 TIO

_ (t—t,)2 (t—t)"
!m Xs(k)(t) =X (t) = X, + Xsi10 (t—t,)+ Xs12.0 _2|0 —F ot X0 _klo — 4+

byn Tabeutran wrenrim (1.9) skyieHiH (t,, Xy, X,0,-.) HYKTECI apKbUIbI OTETIiH
mrenriMi 00JIbI TaObUTA b,
CoHBIMEH, Ke3 KeJNTeH MEKT1 Y3bIHBIFbl 0ap o CETMEHTIHIH t, MoHIHIE OV

HICIIIM IIEeKTeJreH Oosajbl. SIFHU MIEHMIMHIH TEHISPEXKeNl y3UIicci3 0O0JIaThIHBI
HIBIFA/IbI.
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Annotation. A nonlocal problem with multipoint conditions for the partial differential
equations of higher order is considered. Algorithms for finding a solution to the nonlocal
problem with multipoint conditions are constructed and their convergence is proved. Conditions
for the unique solvability of the nonlocal problem with multipoint conditions for the partial
differential equations of higher order are established in terms of the initial data.
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In recent decades, many authors have intensively studied nonlocal problems
with multipoint conditions for partial differential equations of higher order (see the
bibliography in [1-6]). The development of computing and information
technologies requires the apply of constructive methods for the numerical analysis
and approximate solution of nonlocal problems with multipoint conditions for
partial differential equations of higher order.

Earlier in the works of the authors, a number of problems with multipoint
conditions were investigated and solved for systems of hyperbolic equations of the
second order [8-10], for partial differential equations of third and fourth orders [11-
13], as well as for impulsive partial differential equations of higher order [14] by
Dzhumabaev’s parametrization method [7].

In the present paper we propose the constructive approach for solve the
nonlocal problem with multipoint conditions for partial differential equations of
higher order based on Dzhumabaev’s parametrization method.

Consider the nonlocal problem with multipoint conditions for the partial
differential equations of higher order in Q=[0,T]x[0, ]

am+lu m 8j+1u

_ du &
e _g;A(t,x) p~; +§)Bj (t,x) v f(t,x), 1)
> S0 —p00.  xelool @
T B IO T (s F )
X 19)4
where u(t,x) is the unknown function, the functions A (t,x), i=0m, B;(t,x),

j=0,m-1, and f(t,x) are continuous on Q, the functions K, (x) and ¢(x) are
continuous on [0,@], O=t, <t <..<t, =T, i=0,m, 1=0,p, the functions (),
j=0,m-1, are continuously differentiable on [0,T].

A function u(t,x) continuous on Q, having continuous on € partial
o u(t, x)

derivatives v s=01, i=0,m, satisfying Equation (1) for all (t,x) € Q,
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multipoint and initial conditions (2), (3), is called the solution to the nonlocal
problem with multipoint conditions (1)-(3).

Algorithms for finding a solution to the nonlocal problem with multipoint
conditions (1)-(3) are constructed and their convergence is proved. Conditions for
the unique solvability of the nonlocal problem with multipoint conditions (1)-(3)
are established in terms of the initial data.

m—k
o u(t, x) Ck=1m.

ka

Assume v, (t,x) =
Then pass from problem (1)-(3) to the next equivalent problem:

82 = A, (t, x) + B, (t, x)—+An_l(t X)V, +

+ an(t, XV (8, X) + rfBj (t, x)av”’#(t’xh A (L, )V, (t,X) + f (t, ), 4)

> K 00 502 3K 0000+ Y DK, (0% 00 =000, xe[0l, (5)
W)=y, teloT] ©)

)= O+ v 8de, 25X mr(t)+j 2ealbge ro2m, (0eQ.(7)

A system of functions (v (t,x),V,(t, X),...,v, (t,x)), Where function

vi(t,x)eC(€,R") has partial derivatives %eC(Q,R”), Wlétt%)ec(Q’Rn),
2
a\(,ljlt—g)’(x)EC(Q,R“), and functions v,(t,x) and YY) are related to v,(t,x) by

integral relations (7), r=2,m, which satisfies the equation (4) for all (t,x)eQ and

conditions (5), (6), is a solution to problem (4)-(7).

ov, (t,x)
ot

with multipoint conditions for the second-order hyperbolic equation. Questions of

the unique, well-posed solvability of a nonlocal problem with multipoint

conditions were studied in [8], [9]. We use results of [15]-[16] to solve problem

(4)-(7).

We introduce a new functions v(t, x) =

For fixed v (t,x) and , r=2,m, problem (4)-(6) is a nonlocal problem

w(t, x) = and transfer problem

(4)-(7) to the following family of multipoint problems for a differential equation
with functional parameters and integral constraints

Z\t/_ At x)v+ B, (t,x)w(t, x)+ A, (4, X)v, (L, x) +

ov, (t, ) v (t, x)
X ot
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+§A(t,x)vm4(t,x)+r§8j(t, m_at( )+Ab(t XV, (8, ) + (8, %), (8)

ZK OV, X) = p(X) - z Ky 1 OOVt %) —z K., (Vo o(t.x), xe[0,0],  (9)
Wt X) =y o0+ [VEEDE, Wt X) = wm_l(t)wav(t Das,  eq,  (10)

A EAROR AL av(”) (t)+j8v-1“§)d§ r=2m, (tx) Q. (11)

0

For fixed w(t,x), v,(t,x), v.(t,x) and %, r=2,m, problem (8), (9) is a family of
multipoint problems for the differential equation. The unknown functions w(t,x),
ﬁvr(t,x)

- =2,m, are determined from integral constraints (10),

v,(t,x), v (t,x) and

(11).

A system of functions (v(t,x), w(t, x),v,(t, x), v, (t, X),...,v,,(t,x)) , where function

ov(t, x)
ot

v(t,x) e C(Q,R") has partial derivative e C(Q,R"), functions w(t,x), v,(t,x),

ov, (t,x) ov(t, x)

v, (t,x) and are related to v(t,x) and

, v, (t,x) and W by integral

constraints (10), (11), respectively, r=2,m, which satisfies the differential
equation (8) for all (t,x)eQ and condition (9), integral constraints (10), (11) is a

solution to problem (8)-(11).
Consider the following family of multipoint problems for the differential
equation

%:An(t,x)wr F(t,x)., t,x)eQ, (12)

KL V) =),  xe[0a], (13)

where v(t,x) is an unknown function, the function F(t,x) is continuous on Q, the
function ®(x) is continuous on [0,»], x €0, »].

A continuous function v:Q—R that has a continuous derivative with
respect to t on Q is called a solution to the family of multipoint problems (12),
(13), if it satisfies equation (12) for all (t,x) € @ and multipoint condition (13) for

all xe[0,].
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For fixed xe[0,w] problem (12), (13) is the linear multipoint problem for the
ordinary differential equation. Suppose a variable x takes values on the interval
[0,w]; then we obtain the family of multipoint problems for differential equation.

Definition 1. A family of multipoint problems for the differential equation
(12), (13) is called uniquely solvable if for any pair (F(t x),®(x)), where
F(t,x) e C(Q,R), ®(x) e C([0,],R), it has a unique solution.

Definition 2. A nonlocal with multipoint conditions for the partial
differential equations of higher order (1)-(3) is called uniquely solvable if for any
f(t,x) e C(Q,R), p(x) eC([0,@],R), ;) e C(0,TL,R), j=0L2,...,m-1, it has a unique

classical solution.
We propose an algorithm for finding approximate solutions to problem (1)-

(3) is constructed based on the results in [9].

The algorithm for finding solutions to the nonlocal problem with multipoint
conditions for the partial differential equations of higher order (1)-(3) consists of
seventh stages:

1st stage. Introduction of new unknown functions v,(t,x), v,(t,x), vs(t,X), ...,
v, (t,x) and transition to the equivalent problem (4)-(7).
2nd stage. Introduction of new unknown functions v (t,x), v,(t,x) and

reduction to the family of multipoint problems for the differential equation with
functional parameters and integral constraints (8)-(11).

3rd stage. Solving of the auxiliary family of multipoint problems for the
differential equation (12), (13).
ov, (t,x)
ot
family of multipoint problems for the differential equation (8), (9) by solution to
the auxiliary family of multipoint problems for the differential equation (12), (13).
5th stage. Determination of functions v,(t,x), w(t,x) from integral constraints

4th stage. For fixed w(t,x), v(t,x), v.(t,x) and , r=2,m, solving the

(10) using v(t,x), the solution to the family of problems (8), (9), and avgt, ) :
. . ov, (t,x) —
6th stage. Determination of functions v (t,x) and N r=2,m, from
. . . ov, (t, x)
integral constraints (11) using v,(t,x) and -
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7th stage. Definition of function u(t,x), the solution to the original problem
(1)-(3) from equality u(t,x)=v_(t,x) forall (t,x) Q.

Conditions for the feasibility of the constructed algorithm for finding
solutions to the nonlocal problem with multipoint conditions for the partial
differential equations of higher order are obtained. It is shown that the solvability
of the nonlocal problem with multipoint conditions for the partial differential
equations of higher order is equivalent to the solvability of the family of multipoint
problems for the differential equation (12), (13).

The following theorem provides the conditions of unique solvability to
problem (1)—(3) in terms of the solvability of family of problems (12), (13).

Theorem 1. Suppose

1) the functions A (t,x), i=0,m, B,(t,x), j=0m-1, and f(t,x) are continuous on
Q]
2) the functions K;,(x) and ¢(x) are continuous on [0,@], i=0,m, 1=0,p;

3) the functions w(t), j=0,m-1, are continuously differentiable on [0,T].

4) The family of multipoint problems for the differential equations (12), (13) is
uniquely solvable.

Then the nonlocal problem with multipoint conditions for the partial differential
equations of higher order (1)-(3) has a unique classical solution.

Theorem 2. The nonlocal problem with multipoint conditions for the partial
differential equations of higher order (1)-(3) is uniquely solvable, if the function

P
N(X) = K, o (X) + D K,,, (x)e*"? is not zero for every xe[0, o],
1=1

where a(t,x) = jAﬂ (z,x)dz.

Note that a problem with non-separated multipoint-integral conditions for
differential equations of higher order are considered in [17-18] by modification of
parametrization method and new concept of general solution [19-20]. An interval
Is divided into m parts, the values of a solution at the beginning points of the
subintervals are considered as additional parameters, and the differential equations
of higher order are reduced to the Cauchy problems on the subintervals for system
of differential equations with parameters. Using the solutions to these problems,
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new general solutions to differential equations of higher order are introduced and
their properties are established. Based on the general solution, non-separated
multipoint-integral conditions, and continuity conditions of a solution at the
interior points of the partition, the linear system of algebraic equations with respect
to parameters is composed. Algorithms of the parametrization method are
constructed and their convergence is proved. Sufficient conditions for the unique
solvability of considered problem are set. It is shown that the solvability of
boundary value problems is equivalent to the solvability of systems composed.
Methods for solving boundary value problems are proposed, which are based on
the construction and solving these systems.

Conclusion. The nonlocal problem with multipoint conditions for the partial
differential equations of higher order (1)-(3) is studied. Algorithms for finding the
solution this problem are constructed and their convergence is proved. Conditions
for the unique solvability of the problem (1)-(3) are established in terms of the
initial data. Results this paper can be extended to the system of partial differential
equations of higher order.
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Paccmotpum  crienytomiee  auddepeHIUanbHOEe  ypaBHEHHE  BBICOKOIO
nopsijika
Loy =-y® +r(x)y® +q(x)y® + p(x)y = f(x), (1)
rie XxeR=(-0,0), f(x)elL,(R), r- TpwKIsl HenpepblBHO aupPepeHupyemas
byHkuus, Q- HenpepblBHO auddepeHuupyeMas QyHKIuUs, cuyuTtaem  p(X)
HenpepbiBHA. CrenoBaTenbHo, (1) sBisieTcsl BBIPOXKAECHHBIM U (epeHInaTbHBIM
YPaBHEHHEM.
B craree [1], B pe3ynbTare MOIEIMPOBAaHHSA IpOILECCa PACIPOCTPAHEHUS

HEJIMHEWHBIX BOJIH B JAHCHEprupymoueid cpene mnoiaydeHo auddepeHnuaibHoe
ypaBHEHHE

— O+ O ()0 + 5 VKDY, KO+ 3, (XD =O. 2)

(2) masmiBaeTcs ypaBHeHHeM Kapaxapbl Wiau 00OOIIEHHBIM ypaBHEHHUEM THIIA
Kopreera ne ®pwusza. YpaBHeHue (2) wu3ydancsi, B OCHOBHOM, B CJydae
OTPaHMYECHHOW 00JacTh M Korja ero Kodh@uiueHTsl mocTossHHbIE. Kpaesbie
3a/1a49M JUIS HEro uccienaoBaHel B [2,3] m MHorux apyrux paborax. Boszpmem
cieaymolllee cTaluoHapHoe ypaBHeHue Tuia KaBaxapsl

_y(s) + To(x)y(3) + qo()yy" = fo(x).
C TEepeMEeHHBIM Kod(h(HUIMEHTOM, 3aJaHHbII Ha BCcell YMCIOBOM ocu R.

Jlureapusys ero, Mbl MPUXOJUM K OJTHOMY U3 CIeAyHmux IudQepeHnmantbHbIX
YpaBHEHUU

—y® +1(x)y® +q(x)y = f,(x) 3)

=y +1,(x)y + g, (x)y'= f,(x). (4)
CaoiictBa ypaBHeHui (3) u (4) ornuyaroTcs Apyr OT apyra. YpaBHenue (3) B

Cly4ae 3HAKOONPEAECJICHHOIO NOTEHUHAla (, HU3ydalics B cTarbsix [4, 5] U B

MPUBEJICHHBIX B HUX paboTrax. (4) siBisieTcsl BBIPOKIECHHBIM AudpepeHInaibHbIM
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ypaBHEHHEM, BOMPOC €0 HCCIIENOBaHH OCTaeTCs OTKPBITHIM. PaccMarpuBaemast
Hamu ypaBHeHHe (1) siBasieTcss 00o01menuem (4).

[Mycts L, muddepeHunansHelii omeparop, aehctByommii B C7(R) 1o
dopmyiie

Loy = =y® +r(@)y® + )y’ + p(0)y.

CornacHoO NOpPeANONIOKEHUSIM OTHOCUTENIBHO r(X), q(x) u p(x), omeparop L,
JIOMYCKaeT 3aMbIKaHHEe 10 HOpMe TpocTpaHcTBa L,(R), o0o3Haumm ero uepes L.
Pemenuem ypaBuenus (1) HazoBeM QyHKIMIO Y € D(L), Takylo, yto Ly = f .

MBI TPUBOIUM YCJIOBHSI, JOCTATOYHBIC ISl KOPPEKTHOW pa3perrmMoCTH
ypaBHEHUS (4) ¥ BRIIOTHEHUS JIJIS1 PELICHHs] Y OLIEHKH

[y, + lry@ |, + llay'llz + lpyllz < clifllz, (5)
MoauMUIUPYsT METOIBI [6,7] MccneqoBaHus CHHTYISIPHOTO Ju((epeHIINaTbHOTO
ypaBHEHUs TpeThero nopsaka. B (5) | - |, - Hopma npoctpanctsa L,(R).

I[Mycte g u h#0 - HenpepoiBHble ¢(yHKIME. BBemem cnemyromue

0003HAYECHHUS

+0o0

agyhyj(x)z[ﬂg(t)rdtJ Ut”hz(t)dtj . x>0,

ﬂwJ@J=(jg%qu%(iﬁW1%qu%,r>0,

Vg, :maX(SUp ag,h,j(x)’{sug}ﬂg,h,j(r)j (J =1, 2)-

{x>0}
OCHOBHOM pe3yabTaT padOoTHI - CIACAYIOITUH.
Teopema. [Tycts Gpynkuus r(x) Takas, 9To

r>1, Vg2 <,

C*ls@sc, vX,neR:|x-n|<1 (C>1),

r(n7)

a pynkuuii q(x) 1 p(x) yZOBIETBOPAIOT yCIOBHAM
7/q,r,1<ooa ]/p,r,Z <0,

Torma mns kaxmoro f e L(R) CyleCTBYeT €IMHCTBEHHOE PEIICHHE Y YPABHEHHS
(1). Kpome toro, a1 pemieHusi y cropaBejinBa OLEHKa

ly@l, + 7y, + llay'llz + lpyllz < Clifll2.

Cratbsi BbINIONIHEHA TpU (PUHAHCOBOM mojAep:kke MHUHHUCTEpPCTBA HAYKH U
BbIcIero oopa3zoBanus Pecyonuku Kazaxcran (rpant AR14870261).
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AHHOTauus. B gokmane wusywaercs oOpaTHas 3ajada A JiMHeapu3oBaHHOU 2-D
cucrembl HaBbe-Ctokca. B kpyroBoif u kBajpaTHON 001acTH paccMaTpUBAIOTCS 000OIEHHbIE
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CIEKTpaJbHbIE 3a7auu Uil OWUrapMOHMYECKOro omeparopa ¢ ycioBusimu lupuxie,
HEO0XOAMMOCTh B PEIICHUH KOTOPHIX BO3HMKAET MPHU BBEACHUHM (QYHKIHMH ToKa B 2-D cucreme
Haspe-Crokca.

KawueBble cioBa: nuneapuszoBanHas 2-D cucrema Hasbe-Crokca, QyHKIHS TOKa,
OUrapMOHHUYECKHI oTIepaTop, 0000IICHHAs CIIEKTpalIbHAs 3a/1a4a

B navame goximama MBI paccMarpuBaeM —OOpaTHYH 3ajady s
nuHeapuzoBaHHoM 2-D  cucrembl HaBbhe-CTokca ¢  HEHU3BECTHOM  CHIIOH,
pacrpeie]IeHHON TOJbKO MO MPOCTPAHCTBEHHOM MEPEeMEHHOHN, M C (hUHAIBHBIM
yCJIOBHEM TiepeonpeaesieHus. Ha oCHOBE TeOpwHM CHEKTPATIbHOTO Pa3JIOKEHUS
CaMOCONPSKEHHBIX omepaTopoB [1, 2] yCTaHOBIEHBI JOCTATOYHBIE YCIOBUS
pa3pelIuMOCTH TIOCTaBJICHHOMW oOpaTHOUW 3amaun, chHOpMyIUpOBAaHHAs B BHUJE
TeopeMbl. MbI MPOBOAMM CpPaBHEHHUE MOJIYYEHHOT'O pe3yJibTaTa C paHEEe N3BECTHBIM
[3].

Janee, pu nepexojie K GYHKIIMKA TOKa OT JIMHEAPU30BaHHOU 2-D cucTeMbl
ypaBHeHuii Happe-CTokca BO3HHMKAaeT HEOOXOIUMOCTb pelIieHUsi 0000IeHHON
CIIEKTPaJIbHOW 3a71a4M JIsl OUTapMOHUYECKOTO OlepaTopa, KOTOpasi COOTBETCTBYET
nuHeapuzoBaHnHoMy 2-D omnepatopy Crokca. OmHako, HE TOBOPS JaXke O ciydae
IPOU3BOJILHOM 00JIacTH 711 HE3aBUCHMBIX TEPEMEHHBIX, U B KAaHOHMYECKHX
oOnacTsx (HampuMmep, KpyT, KBaJpaT, IpsIMOYTOJIbHUK U T.J[.) 3TOT BOIIPOC ObIBAET
HE BCEr/ia JIETKO peliaeMbIM.

Nmerotcst pabotel [4, 5], KOTOpble MOCBSIIEHBI yKa3aHHBIM BOIPOCAM B
ciy4yae Tepuoaudeckux yciaoBuil. B paborax [4, 5] Takke yKa3pIBaeTcs O
BOXHOCTH TMPOOJIEeMBI IMOCTPOCHHUS CHCTEMBI COOCTBEHHBIX (DYHKIMHA W
COOCTBEHHBIX 3HAYEHUMW [JIs1 M3Y4YEHUS TPaHUYHBIX 3a1ad s cucteM Hasbe-
Ctokca, otmMmeueHHOM Ha ceMuHape B [4, 5] O.A.JlagbiKeHCKOM.

B namreit npensinymielr pabore [6] 18 Kpyra 3TOT BOIPOC ObUT O KOHIA
pelieH, M TOCTPOCHHash CHUCTEMa OPTOTOHANBHBIX (GYHKIMUNA ObUTa YCIEUTHO
WCIIOJIb30BaHa IS YWCJICHHOTO pEeIIeHUs OJHOW oOpaTHOW 3amaum s
nuHeapu3oBaHHOW 2-D cuctemsl ypaBHeHuit HaBbe-Ctokca. B [6] Hamu Obuin
MPOBEJICHBI YHUCJICHHBIC JKCIEPUMEHTHI 0 PEHICHUI0 MOJEIbHOM 00paTHOM
3aaud  (C  KOHKPETHBIMM  YHCIOBBIMH  J@HHBIMH) C  HCIOJIb30BAHHEM
ONTUMU3AIMOHHOTO METO/A.

B Hacrosimiem moknaze MBI CTPOMM CHUCTEMY COOCTBEHHBIX (DYHKIUH U
COOTBETCTBYIOIIYIO  CHUCTEeMYy COOCTBEHHBIX 3HAYCHWH, KOTJa  00JacTh
HE3aBUCHMBIX MEPEMEHHBIX IMPEJCTaBI€HA Takxke KBagpaToM. OTMETUM, 4YTO
KBaJpaT B3AT TOJIbKO MJI MPOCTOTHl aHATUTUYECKUX BBIYUCICHUN, MOXXHO OBLIO
OBl paccMaTpUBaTh CIEKTPAIBHYIO 337a4y B JIHOOOM KOHEYHOM MPSIMOYTOJbHUKE.
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Pe3ynpTaThl mpencTaBIE€HHON pabOThl JIETKO MOTYT OBITh pPa3BUThI U Ha 3TOT
CIIy4amu.

B KoHIIe n0oKnana Mbl KOCHEMCS BOIIPOCA O PELIEHUH OOpaTHOW 3aJauu JJis
HenuHeitHon 2-D cuctembl HaBbe-CTokca (IIpy 3TOM MbI BOCIOJIB3YEMCSI OJHUM
pe3yabTaToM padoThl [7]).
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Annotation. The problem of constructing control systems of hydraulic actuator for a
given program manifold is considered. It is known that there is a need to study a stability of
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program manifold itself with respect to some indicator. The stability of hydraulic actuator
control systems is investigated taking into account speed and positional loads.The sufficient
conditions for the absolute stability of the program manifold of the hydraulic actuator, taking
into account the compressibility of the fluid contained in the hydraulic cylinder are obtained in
the form of some equality.

Key words: program manifold, indirect control system, external load, position and speed
feedbacks.

1. Introduction. Statement of the problem. Inverse problems of ordinary
differential equations goes back to the five tenth years of the last century. The first
work was the construction a system of differential equations on a given integral
curve published by N.P.Erugin [1]. Futher, this problem was developped as a
problem of constructing systems of differential equations on a given manifold, to
construct systems of automatic control on a given manifold, on inverse problems
of dynamics, on the construction of program motion systems in the works [2-8].
Due to the fact that the program manifold is exposed to various influences when
solving different problems, there was a need to study the stability of the manifold
itself [8-20]. Detailed review of these studies can be found in the following works
[5, 10, 16, 21].

We will consider the equation of the hydraulic actuator, taking into account
the compressibility of the fluid contained in the hydraulic cylinder, proposed by
V.A. Khokhlov in [23].

d
dtf T hd—§ + (khl + khe) 5 Opﬂ, ‘Slgn_g) =

= kh,k\,\/l 1 [mﬁ +h—= do + Kpe +‘Pfr‘signd—§jsigna -0,
PoF dt?  dt dt

where Kk, is a speed gain coefficient, p, is a fluid pressure inthe line, h is a

coefficient of viscous friction of the load, ki, is a stiffness of external load, Py is

a constant dry friction force, k;, is a stiffness of the liquid, F is an effective place

of the piston, m is a mass of moving parts.
Assuming, that there are no dry friction forces, by introducing the necessary
notation

(1)

ﬂ,l—— /12—— Az = 1+khe,a: m b= h , C:k_O,
K| K| Kni PoF PoF PoF
the equation (1) will be written in the following form
& + gl + Jal = glo) wlv) 2

where the function ¢(c)=k,o is continuous in sand v is determined by the
formula
yv=1-(a+bé+cé)signo.
The multiplier w(v), when v depends on the deflection of the control
element &, its speed £and its acceleration & is determined as follows:
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1 at v2>1,
w(v)=<Jv at 0<v<l, (3)
0 at v<0.
We reduce equation (2) to the Cauchy normal form

E=1,
2=y, (4)

\y=—%z—%y+%fp(a)w(v),

where
v=1-(ay+bz+cé)signo.
We consider the problem of constructing on a given smooth program
manifold Q(t) of the following differential equation
x = f(t, x), (5)
where f, x are n-dimensional vectors, f e R" is continuous in all variables
and satisfies conditions for the existence of the solution x(t) = 0, the program
manifold Q(t) is determined by the following equations
Q)= w(tx) =0, (6)
where o is s-dimensional vector s < n, and continuous together with its

: . : 0 :
partial derivatives, the Jacobian rank H = a—a) equals rank H = s at all points of the
X

manifold Q(t). This program (6) is executed exactly only if it satisfies specifies the
conditions for the initial values w(ty,®,)=0 of the system state vector. However
these conditions are not always satisfied due to the presence of other perturbing
forces. At building program motion control systems, it is necessary to take into
account the stability of the program manifold Q(t) itself with respect to some
functions.

Due to the fact that the program manifold €(t) is integral for the system (5)
takes place
. Ow, Ow
1) Py - p F(t, X, a)), @)

where F(t, x, 0)=0is some Erugin vector function [9].

Together with equation (5), we consider the following indirect automatic
control system with speed feedback taking into account external load

x=f(t,x)-bé, tel =[0,),

J Y U S
E=12, 1= /122+12(p(0) w(v), (8)

o=p o-qf-NE

30



where the coefficients b, eR", peR® are constant, g, Nare constant

coefficients of position and speed feedback, o is a total impulse-signal and the
differentiable function & satisfies the following conditions

p(0)=0Ap(c)o>0 Vo0,

d 9)
_gD‘G:O = z > 0’
do

a multiplier y(v) deforms the function ¢(c) when the coordinates &, o

change. Here, v is a complex discontinuous function of the automatic control
system.

Definition. The program manifold of an indirect control system, taking into
account the compressibility of the fluid, is called absolutely stable if it is globally
stable on solutions of system (8) for any w(ty,X,) and ¢(c), w(v)satisfying
conditions (9), (3).

Statement of the problem. Find a condition for the absolute stability of the
program manifold of the indirect control system, taking into account the
compressibility of the fluid with respect to the vector function wunder conditions
(9), (3).

2. Stability of the indirect control system, taking into account the
compressibility of the fluid

Due to the fact that the manifold (7) is an integral manifold also for the
system (8) - (9), (3) and taking the Erugin function to be linear with respect to the
vector function w:

F(t, X, )= -Aow, (10)

we arrive at the following system with respect to w:

o=-Aw—-b& tel =[0,x),

E-g, 2:——%2+%2(p(0)-1//(v), (11)
o=p o-q5-N¢,

where b=Hb,;, H =Z—w and — A(sxs) is a constant Hurwitz matrix, the
X
nonlinearity ¢(c) satisfies conditions (9), and the multiple w(v) is determined by
formula (3), v=1-(ay+bz+cé)signo.
Using a non-singular transformation, the system (11) can be reduced to an
equivalent form [21]:

H=—po+ Tt(p(a)' w(v)

. 1
@gpp = ;L_(/’(G)' w(v) (12)
2
oc=9 o,
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where
Wsyy1 = fr Wsyo = 2, Hy = lsi1 = 0' Usi2 = 1' Ps+1 = —4q, Ps+2 = _Na

and p=diag(py,...,p) are roots of equation
D(p) =|A+ pE[=0. (13)

The following theorem is valid.
Theorem. If the Erugin function is linear with respect to o, the nonlinearity
o(o) satisfies condition (9), the function w(v) is determined by formula (3), the

coefficients of rigid and speed feedback are positive , the roots of equation (13) are
different positive numbers and p,,; = Kt + kh% >0, then in order for the
program manifold of the automatic system of indirect control, taking into account
the compressibility of the fluid was absolutely stable with respect to the vector

function w , it suffices to satisfy equalities
s+1

g + 21, > i o (k=1,...,s+1),
i=1Pi T Pk

gs+2 <O’

where 1,...,l5,;are real numbers.
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Ob MHTEPIIOJIAIINNA JTOKAJIBHBIX AHU3O0TPOITHBIX
ITPOCTPAHCTB THIIA MOPPH

Hypcyaranos E. /., IxymataeBa JI.T'.
Eepasutickuu nayuonanvuwiti ynueepcumem umenu JI.H.1 ymuneea, Hyp-Cyaman,
Kazaxcman
e-mail: er-nurs@yandex.ru, jamilya_ast@mail.ru

1. Jlokanvnvie anuzomponnwie npocmpancmea muna Moppu.

B teopum nuddepeHnmanbHBIX ypaBHEHHW W TEOpPUUM  BapUAllUH
mpocTpaHcTBa Moppu U uX 000OIICHUS WrparoT BaXHYIO poiib. [IpocTpancTBa
Moppu 661111 BBeZieHbl Moppu B 1938 1. [3] 1 u3yyanauch B CJIEICTBHE BOIIPOCOB
PETYJSIPHBIX PELICHUHA HEJIUHEWHBIX JJUIMITUYECKUX YPaBHEHHH W cUCTEM. B
MOCJICTHUE ACCATIICTAS OBUTM XOPOIIO HM3YyYEHBI JIOKAJIBbHBIE M 00O0OIIEHHBIC
npocTpancTBa Moppu B U30TpONHBIX ciydasx [1, 5].

NuTepnonsiinoHHbie METOABl (YHKIMOHATBHBIX TMPOCTPAHCTB SBIISIIOTCS
OJIHUM U3 MOIIHBIX anmnapatoB MaTeMaTUYecKoro aHainuia. OgHAKO OO CUX MOp
OCTaeTCsi MHOTO MPOOJIEM B TEOPUU HHTEPIOISLUUA aHU30TPOIHBIX MPOCTPAHCTB.
NccnenoBannio naHHOTO Bompoca mnocBsimieHsl padotel [I.JI. ®@epHangeca [2] u
npyrux. B padore E.Jl. HypcynranoBa [4] BBeieH U U3y4€H METO]l HHTEPHOJSALINI
JUIS. aHU30TPOIHBIX TPOCTPAHCTB.
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B nmanHoii paboTe paccMaTpuBarOTCS — JIOKAJbHBIE  aHU30TPOMHBIC
MPOCTpaHCTBA TUNAa MOpPpH, UX CBOMCTBA U UX MHTEPIIOJISALIUSL.

Ilycts k € Z. Yepes G}, 0003HaYMM MHOKECTBO BCeX KyOOB BUa
[0,2F)¢ 4+ 2%m, m e Z4.

[Rd:UQ

Q€Gy
3aech || Q o3HayaeT 00beAMHEHNE B3aMMHO HE MEePECEKAIOIIMXCS MHOKECTB.

MuoxectBo G = Upyey Gy Ha30BEM ceMeiicTBOM auaamdecknx Ky6os B R%,
3ameTnM, uTo KaxIblii Ky Q € G pasousaercs Ha 2% Ky60B u3 Gjy_;.

CemelicTBo B3auMHO He mnepecekatommxcs kyooB T = {Q} € G HazoBem
JNOKANBHBIM pa3OueHneM npoctpancTsa R, ecnm:

1. R? = Hoec, @;

2. |T NG| < oo,
3neck u nanee |A| ecTh KOJIMYECTBO DJIEMEHTOB BO MHOKECTBE A.

O4eBUIHO, YTO

Teneps nyctb 1 = (N, ...,ng): n; EN, |n|=n; + - +ny k=
(ki, ... kg): k; EZ.

O6osnaunm Gy = {Q = Q1 XX Qq: Q€ Gy, 1= 1,_d} B3anmHO HE
nepecekatommecs KyOel T; = {Q;} C Gy, Ha30BeM JIOKANbHBIM pPa30UEHUEM
npoctpanctea  R™,...R™  coorBercTBeHHO. = CEeMEWCTBO  B3aWMHO  HE
nepecekaromuxcss  mapamwienenunenoB T =T; X - X T,y = {Q =Qq XX
Qq: Q; €Ty, i = L_d} OyneT Ha3bIBaThbCs, COOTBETCTBEHHO, JIOKAJIbHBIM
pas6uennem mpoctpancrsa R

Mycte A= (A4, Ay, ..., A3) €ERE, Bexktopst D = (P1, Dz, -, Pa), q =

(91,92, - qq): 0<p;,q; <o, i =1,d. Jlna NOpOU3BOJBHBIX BEKTOPOB a =
(ai, ...,ag) u b= (by,..,bg) uepe3 {(a,b) 6ymem obGozmayars {(a,b) = a;b; +
%d
bg
I[lycte T =T, X - X T, — nokanpHOe pa3zbueHue R, Tz =TnN Gy

a a
-+ agby, uepes — = (=, ...,
b~ by

OnpenenuM aHU30TPOMHOE JIOKAIbHOE MPOCTPAHCTBO Moppu LM%a(']I') KaK
MHO>KECTBO U3MEPUMBIX QYHKITUN f JJIT KOTOPBIX

1
qz/ dd
q1 qd1

- = —(k,2)
s = 2, 20 (272 D Wil <.

kq€Z k.€Z QETE /
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B YaCTHOCTH, Korja qi =0, i=1,d BBIPAKECHUE

Qz/ /Qd
_(Ez) q1 q1
deeﬂd deeﬂd 2 ZQGTglafl IIOHUMACTCI KaK gup|aE|,
keQ

rae 0 = Qg X -+ X .

B u3oTponHOM ciiydae JaHHBIC JIOKATBHBIC TPOCTPAHCTBA TUTIA MOppHU U UX
CBOMCTBa OBLTIM MOAPOOHO paccMoTpeHbl B pabote Hypcynranosa E. u Cyparana
. [5].

2. Ceolicmea /0KAAbHbIX AHU30MPOMHbIX NpocmpaHcme muna Moppu.

[nA NoKanbHbIX aHM3OTPOMHbIX MPOCTPAHCTB TMna Moppu cnpaseanvBa
cneaytowias

Teopema 1.

(i) Nycte BekTOopbl 7T = (N4,...,NM4), Do = P2, ....p3), 1 = (pi,....,pY), 9 =
(q1, -,qq) Takue, uto 0 <p <pl <o 0< g;< o, T - nokanbHoe
paz6uenve R™. Toraa

@ B
LM 5(T) & LMy o(T),
rne a € IR{d,E € R raxwe, ‘{TOE =a——+4—=

(i) Ecmm Bextopsl A= (A, .., Ag) D= D1, s Pa), o = (G0, ...q%), 71 =
(g}, ..., ql) Takme, uro 0 < q) < q} < o0, T — nokaneHoe paz6uenne RI™.

Torna
LM57 (T) & LMz (T).
3.  UHmMepnonayus s0KAAbHLIX GHU30MPOMNHLIX MPOCMPAHCME muna
Moppu.
Iycts A, = (49, w, AD), A, = (4%, ..,AY) — mapa aHu30TpOmHBIX
npoctparcts. E = {(&y,...,64): & =0mm & =1, i =1,d} — Bepmunbl d-

MEpHOTO eauHuYHOro Kyba. [lns mpomsBombHOro & € E paccmoTpum
81 gd (v
npocrpancteo A, = (A7, ..., A;") ¢ HOpMOH

lalla, = |- Nl ..

DAl _

[apy ammsoTponHbIx mnpoctpancTB Ao = (4%,..,4%), A; = (4}, .., AY)
HA30BEM COBMECTHUMOM, €CIM HaWJeTCs JTWHEWHOE XaycIop(poBO MPOCTPAHCTBO,
coAep Kaliee B KaueCTBE IMOJIMHOXKECTB IpocTpaHcTBa A, € € E .

[IpuBenem onpenenenrue METOAa AaHU30TPOTHOM MHTEPHOJISALUN.

ITycte A = (Ag)cep — COBMecTHMas mapa 0aHaXOBBIX MPOCTPAHCTB. J{is
MIPOU3BOJILHOTO BEKTOpPa k € Z% 0603naunm 2K = (2%1, ..., 2%a). PaccmoTpum K —
GyHKIMOHAT

K(ZE, a;, A;: € € E) = inf z 2<E>|la||A£: a= Zae, a, € A,
EEE EEE
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Ecin Bextopsl q = (qq, ..., qg), 0 = (04, ...,0,) Ttaxue, uto 0 < q; < o,
0< Qi < 1, TO
Agﬁ = (Ag: € € E)g'a

=<a= z ag., ag € Ag: ”a”Aga

k EEE

- - ‘h/ql /Qd
— — q1
— z . Z (2—(9,k)K (Zk, a)) < 00},
kg=1 k=1

Ag}a = (Agl £ E E)aa

= {a = z a., ag € A;: ||0L||Aaa = sup 2-(kA) -0k (ZE, a)

‘eE kezd
. oo}.

Teopema 2. ITycTb BEKTOpBI

/1_0 = (/1_0, ---;/12); A_l = (il, "-;Aé)) 5 = (91) ey ed) 5 = (pl; "';pd); a =
(G 90), 90 = (@2, ...qY), n=(ny,..,ng) Takme, uro 0<p; < 0<
ql,q; < ©, —0 <) <A < 40, 6; € (0;1), n; € N. JIng npou3BOnLEHOTO £ €

{A?, & = O,

Iy 1 T — jJokanbpHOE
[ l

5 & & E;
E o6o3naunMm uepes A, = (All, ...,/'ldd), rae A;' =

pa3oucHue RI™. Torna
(LMis (T):e € E)aa = LM2(T),
re A= (A, ., Ag0): A = (1 — 629 + 6,21,
4. Ilpocmpancmea Mgﬁ.
yete A= (A4,1,...,435) € RY, Bextopsl D = (P1, P2, s Pa)s 4 =
(91,92, > qq): 0<p;,q; <o, i =1,d, n = (n,, ...,n;d): n; €N, k=
(ky, o k) ki €Z, Gz ={Q = Q1 XX Qq: Q; € Gy, i =1,d}

OO06001IeHHBIE aHU30TPOITHBIE MPOCTPAHCTBA THNAa Moppu M%a ONpeACIUM

KaK MHOXECTBO BCE€X M3MEPHUMBIX 1o Jlebery pynkmumii f € L%)C(]Rd)ﬂﬂﬂ KOTOPBIX
KOHEYHA CIIeTyIomIas HopMa

37



1
4z, /a4

L q1
Ifll 2 = Z Z (2'(""1) sup ||f||L§(Q)> < oo,
P4 QEGE

MHoxecTBO n3MepuMbIX GyHKIHNA f(X) IS KOTOPHIX KOHEYHA BEIMYMHA

sup f ff(xl, v Xg) 9(x1, o, xgq) dxq ...dxy
lollz =tgn g
o7 ~
Ha30BEM JyallbHbIM MPOCTPAHCTBOM K MPOCTPaHCTBY Moppu M%ﬁ ¥ 0003HAYUM
—_ !

yepes (M%.ﬁ) :
Iycts T = T, X - X T, — nokanbHoe pa3buenue R, Tz =T N Gx.
31eck crpaBe/UIMBa CIeayomas
Teopema 3. IlycTh /i1 BEKTOPOB P, ¢, &, N BBIIOJHSIOTCS ycinoBus 1 <

n; .
pi,qi < 0,0 <q; <=, i =1,d. Torna BepHO HEPABEHCTBO

pPi

1

q3 q

/ a1 2/qi \ ‘
_ v < inf | Z Z oM7) Z .
”f”(Mg.ﬁ) X ”f“Lﬁl(Q) |

my€zZ mq€Z QETH /

=inf Ifll -z, ey
'a

3/IeCh HIDKHSIST TOYHAsE TpaHb OepeTcs Mo BCEeM JIOKaJdbHBIM pazOueHussm T
npoctpancTsa R,
Pabora BeImOTHEHA B paMkax rpanta AP14870758.
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O IJIOTHOCTU ®UHUTHBIX ®YHKIIUIA B OJJHOM BECOBOM
INPOCTPAHCTBE COBOJIEBA

Oiinapos P.
Eepazutickuu nayuonanvuwii ynusepcumem um. JI.H. I'ymunesa, Acmana,
Kazaxcman
E-mail: o_ryskul@mail.ru

Annorauusi. Ha momyocu ompenensiercs BecoBoe TmpoctpancTtBo  Coboresa.
[Ipenmonaraercs, 4To BCE BECOBBIE (YHKIMH, y4acTBYIOIIEE B OIPEACICHUU MPOCTPAHCTBA
Cob6oneBa pocratoyHo rinagkue (yHKuuu. I[lo3TOMy MHOXKECTBO (QUHUTHBIX OECKOHEYHO
AKX (QYHKIWA TPUHAIKUT TpocTpaHcTBy CoOolieBa, W €ro 3aMbIKaHHE IO HOPME
MPOCTpaHCTBa  00pa3yeT  MOANPOCTPAHCTBO  ATOTO  TpocTpaHcTBa.  Mccaemyercs
B3aMMOOTHOIICHNE ATHX MPOCTPAHCTB B 3aBUCHMOCTH OT MHTETPAIBHOTO TOBEICHHS BECOBBIX
(GYHKIHI B OKPECTHOCTU HYJISI M1 OECKOHEYHOCTH.

KawueBble cioBa: BecoBas (GyHKIUS, BecoBoe MpocTpaHcTBO Co0ojieBa, 3aMbIKaHHE
MHOeCTBa ((UHUTHBIX (YHKITUH, TIFIOTHOCTb.

Beenenne. Ilycte [=(0,0), I<p, g<o, r, v U U — TMOYTH BCIOAY
MOJIOXKUTEbHBIE (QYHKIIMU TaKue, 94To I' — HenpepbiBHO nuddepenuupyemas, U, V —

- 1 oAt
JIOKAJIbHO MHTETpupyemoe Ha untepBaiie |. Kpome toro r 1= - € Llloc(l ), vPE
14
Lee(n),p’ = —.

p—1
[onoxum DZf(t) = %r(t) dz(tt) uDlf(t) =r(t) %(tt)- Hycts Co(I) -

MHOXECTBO (UHUTHBIX H OECKOHEYHO HeNpephlBHO JIU(HEpEeHIHPYEMBIX

GyHKIMU.
Paccmotpum  BecoBoe  mpoctparctBo  Cobomea Wi, (r,1),  kak

COBOKYITHOCTH GyHKIHHU f:[ — R, uMeromux o000IMICHHYIO TPOU3BOIHYIO BMECTE
¢ gynxrueit D} f(t) Ha unTepBane | u ¢ KOHEUHOH HOPMBI
I lwz,y = WD fllp + IDr f (D] + If (DI, (1)

rze ||*[|, — o6brunas Hopma npoctpanctsa Ly, ().

B cuny yenosust Ha QyHkumu ' u V umeem Co° (1) € Wi, (r). O6osHadnm
uepes VI/Z;Z,,, (r)= WI',Z,,, (r, I) 3ambikanue muoxectBa Cy° (1) mo Hopme (1).

B 3aBucHMOCTH OT CTE€NEHU CHUHTYJISIPHOCTH (PYHKIIHMA vl= %,r‘l = % B
HyJe W Ha OCCKOHEYHOCTH (YHKIHH f € sz,,, (r,I) MOXET HUMETh KOHEUYHBIE
mpezemt  lim £(6) = £(0),  lim DIf(9) = DIF(0), fim f(t) = f()
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. 1 Nl 2
th_)r?o Dy f(t) = Dyf(o0) nunu He umeTh uX. DneMeHTH MHOXkecTBa Wi, (I) MoryT
OTJIMYATLCS OT SJIEMCHTOB sz,v(l) TOJIBKO TOBEJIEHUEM B OKPECTHOCTH TOUYKH

Hy/iss ¥ OeckoHedHOCTH. OTNHIIEM MHOXKECTBO W;DZ',,(I) B TEPMHUHAX DJIEMCHTOB
MPOCTPAHCTBA sz'v(r, [). B 3aBHCHMOCTH OT CTENEHH CHHIYISPHOCTH BECOBBIX
bynximn v~ r~'s myme u ma Geckomeunoctu, muoxectBo WZ,(I) mosxer
coBmagark ¢ mpocrparctBoM W7, (1), a ecim He COBHAmaeT, TO HEOOXOLMMO

OIMUCATh MPSIMOE JIOMOJTHEHHUE €0 10 BCErO MPOCTPAHCTBA.

OnpHoif W3 BakHBIX 3a1a4 (YHKIMOHAIBHBIX  KIACCOB  SIBIISIFOTCS
XapaKTepU3al[ii B HUX 3aMbIKaHMS MHOXKECTBA TNIAAKHX W (DUHUTHBIX TIIAAKHX
¢ynakuuit (cMm. [1], [2]). OObIYHO, B HEBECOBOM IMPOCTPAHCTBE TIAAKUX (YHKIHMA
MHOKE€CTBO (MHHUTHBIX (DYHKIHH, BOOOIIE TOBOps, HEmIoTHO. Ho B BECOBOM
npoctpanctse CoboeBa, P CUIBHOM BBIPOKIEHUN BeCa MHOXKECTBO (DHHUTHBIX
rIagkux (QYHKIAA MOKET OKa3aThCs IUIOTHBIM. I109TOMY BayKHBIM BOIIPOCOM
SBJISETCS 3a/7a4a O XapaKTepPH3allMy 3aMbIKaHUS (DMHUTHBIX TNIAIKUX (QYHKIHH B
paccmarpuBaeMoM mpocTpanHcTBe (cm., Hampumep, [3], [4], [5], [6]). B
3aBUCHMOCTH OT 3TOr0 OOBIYHO PEIIAeTCs] BOMPOC O MOCTAHOBKE KPAEBBIX 3aj1ady
s quddepeHranbHbIX ypaBHeHui (cm.[7], [8]).

OcHOBHBIE Pe3yJbTATHI

IMonoxum Iy =(0,1], I, =[1,0) ®  pacCMOTpUM  MHOKECTBA
sz’v(r; Iy) (Vlé,%v(r; 1y)), sz,v(r; Iy) (VI/pz,v(r; I,)) KaKk  MHOXECTBO  CY:KEHHIA
bynxkunn f € W2, (r; D) (f € Wz.,z,v(r; 1)) coorBeTcTBEHHO Ha HMHTEpBaie Iy, [o.
HNanee ¢ynkumn f € W2, (r; Du ee cyxenns Ha untepsane lo, I, 0603HadMM
OJIHOW U TOH e OYKBOM.

Mycte C® (Ip)) u C® (I,) MHOXecTBa cyxeHmil (ymkmuit u3z CS (D),
COOTBETCTBEHHO, Ha UHTEepBanue Iy, [,. Toraa M/;,%v (r; I;), KaK MHOKECTBO CY)KEHUU
byHKIIMN U3 Mé,%v(r; I;) Ha wHTepBane I;, SIBIAETCS 3aMBIKAHHEM MHOXKECTBA
C® (I;) mo HOpMe

I lwzyriy = 1vDZ f i, + IDF f (D] + I (DI
MIPOCTPAHCTBA sz,v(r; I;) tnei =0, 00,
[Tonoxum
Dy(Iy) = {C)(,w (t):c € R},

t
D, (Iy) = C)(,w(t)Jr_1(x)dx:c ERY,
1
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t
O, (1) = | e (O + coxr (O f r1()dx:c, ERc, ER b,
1

TAC X~ XapaKTCpUCTUYCCKAs byHKuug uatepana I, a Takxe
RoWyy (r; 1) = {f € Wiy (1, 1)1 f (00) = 0},
RiWiy (1 1) = {f € W, (r, 10): D f (e0) = 0},
RoWiy (15 1) = {f € Wiy (1, Ioo): f () = D} f(e0) = 0}.
Teopema 1.1. IIycts 1 < p < 0. Torna
(i) ecmmv ™t eLy()n r™t¢Li(I) mmr ' €Li(Io)n

4 « p’

Jv‘p’(t) jr‘l(x)dx dx = oo,

1 t
10 W2 (r, 1) = W2 (r, 1,);
(ii) ecnn v € Ly (I), 7™ & L) 1 [ 077 (©) (£~ ()" dt <

(0]

)

TO

W2y (1, 1oo) = RoWily (1, Ioo) m Wil (1, 1o) = Wity (1, o) + @ (oo );
(i) ecnn v € Ly (o), 7 & L) u [ v @) ([T 2 ()dx) de = oo,
TO

Wi (1 1oo) = RiWy (1, Ieo) m Wil (1, 1oe) = Wiy (1, ) + @1 (Ioo);
(iv) ecn BemonseHo v € Ly (Io), 77 € Ly (Is), TO

Wi (1, 1oo) = RoWily (1, Ioo) 1 Wiy (1, 1oo) = Wiy (1, Ioo) + @5 (Ico).

Teneps pacemotpum npoctpanctso Wi, (r; o).

ITycts
LOWpZ,v(T; Iy) = {f € sz.v(r; lo): £(0) = D7 (0) = 0}’
LOWpZ,v(Ti Iy) = {f € sz.v(r; lo): f(0) = 0}'
LOWpZ,v(T; Iy) = {f € VI/;,Z’U(T; lp): f(0) = Drl(O) - 0}
[Tomoxum

D,y = {C)(IO (t):c € R},

1
d,(1y) = C)(Io(t)fr_l(x)dx:c ERy,
t

1
D, (1) = { ey, () + cz)(lo(t)Jr'l(x)dx :c; €ER,c, ER
t
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AnanornyasiM 00pa3om, Kak u TeopeMa 1.1 nokassiBaercs.

Teopema 1.2. IIycts 1 < p < 0. Torna

()ecrmv™1 ¢ Ly (Ip) n r-leLi(Ip) umr ! €L(l))u

TO

TO

t t p’

fv‘p’(t) Jr‘l(x)dx dx = oo,

0 0

W2, (r, Ip) = W2, (r, Iy);
(ll) €ClIn U U_l & Lpl(lo), r-1 & Ll(IO) u fol U_p'(t) (fotr_l(X)dx)p dt <

(0]

)

sz’v(r, 10) = ROVVpZ,v(rr Io) a VVpZ,v(rr Io) = Vi/pZ,v(r; Io) + cDoUo);

(ii) ecnn v € Ly (Ip), 7™ & Ly (o) m [ v'(0) ([ v (@)dx)” dt = oo,

TO

sz’v(r, Iy) = L1Wp2,v(7”: Ip) u VVpZ,v(rr Iy) = sz,v(r; Iy) + ®1(p);

(iv) ecn Bemonseno v € Ly (Ip), v~ € Ly (Ip), To

VVpZ,v(r» Iy) = LZVVpZ,v(r: Ip) n %2,17(7’; Iy) = sz,v(r; Iy) + @, (1p).
Teneps, KoMOUHMPYST yTBepxkaeHUS TeopeM 2.1 u 2.2 MOXKHO MOJYYHUTh

OIMCaHUE MHOXKECTBA sz,v (r, I)B TepMUHAX 3JIEMEHTOB MHOKECTBA sz,v (r, ).

CnMCoK MCoJIb30BAHHOM JTUTEPATYPbI

. Kynpssues JI.JI., Huxonbckuit C.M. IlpoctpanctBa nuddepeHuupyembix

(GYHKIIMHA MHOTHX MEPEMEHHBIX U TEOpeMbl BloKkeHus, Ananu3 — 3, Uroru

Hayku u TexH. Cep. CoBpem. mpoOi. Mar. ¢yHaaMm. HampaBieHus, 20,
BUHUTH, M., 1988, 5-157.

. becoB O.B., Unbun B.I1., Hukonsckuii C.M. HTerpanbHble NpeacTaBICHUS

dbyHKIuit U TeopemMbl Bioxenus, Hayka, M., 1996.

. becoB O.B. O miotHOCTH (UHUTHBIX (YHKIHUNA B BECOBOM IPOCTPAHCTBE

C.JI. Cobonesa// UccnenoBanus mo teopun nudpepeHIupyemMbix yHKITHMA
MHOTMX MEpEeMEHHBIX U ee npuioxeHusaMm. Yacte 9, COopHuk crared, Tp.

MUAH CCCP, 161, 1983, 29-47.

. JImzopkun I1.H. O 3ambIkaHUM MHOXKECTBA (PUHUTHBIX (YHKIIUH B BECOBOM

npoctpanctee Wlp,?// lokn. AH CCCP, 239:4 (1978), 789—792.

. Kynpssues JI.J[. O nocTtpoeHnn nocienoBaTeabHOCTH GUHUTHBIX (QYHKIIHMA,

anmpoKCUMHUPYIOMKNX (GYHKIIMU BeCOBBIX KiaccoB// HccnemoBaHus mo
teopun audpdepeHupyeMbix (QYHKIUA MHOTUX T[EPEMEHHBIX U €€
npunoxenusim. Yacte 8, CoopHuk pador, Tp. MUAH CCCP, 156, 1980,

42



121-129.
6. OiinapoB P. O minoTHOCTH PUHUTHBIX (YHKIMI B BECOBBIX POCTPAHCTBAX U
BecoBbie HepaBeHcTBa//JIAH CCCP, 1988, 1. 303, No3, ¢.559-563
7. Jlmzopkun  IL.M., Huxonbckuit C.M. KospuutuBHbsle  CBOICTBa
JJUIMIITAUYECKUX YPABHEHUM C BBIPOXKIACHUEM. -BapuaimoHHbII METO
/I Tpynst MUAH CCCP, 1981, T.157, c.90-118.
9. Jlmzopkun  IL.M., Huxonbckuit C.M. KospuutuBHble  CBOICTBa

AIUTMNITUYECKUX YPABHEHMM C BBIPDOKIEHHEM U O0OOOIIEHHOW MpaBoil
yacteo// Tpynst MUAH CCCP., 1983, T.161, ¢.157-183.

©

VJIK 517.95
O HEPABEHCTBAX THUIIA IOHT'A U3MEPUMBbIX OITEPATOPOB

OcnanoB M.H., byprymo6aesa C.K.
Eepazutickuti nayuonanvuwii ynusepcumem um.J1.H. I'ymunesa,
Acmana, Kazaxcman
E-mail: myrzan66@mail.ru, saulenai@yandex.ru

1. BBeanenue
1 1
IIyctb 1 < p,q < o, Takue, 4TO m + p = 1. Kilaccuueckoe HEpaBEHCTBO

IOwnra, sT0
labl <~ lal” + = |b]", VabeC
B o0miem cirydae 5T0 HEpaBEHCTBO JJIA OMEPAaTOPOB HE BBIMOJHsETCS. Ecnu
A - yauTapHas kommyTatuBHas C* — anarebpa, Toraa
|ab| S%Ialp +§|b|q, VabeA (1)

(em. [7, memma 2.2]). Bhatia u Kittaneh pokazamm, 4ro ecmmx,y € M,
MIOJIOKUTEITBHBI, TO

1. 2,179 .
si(xy) <'s; (Ex +2y ), j=12,..,n, (2)
rae M, - MHOXECTBO BCEX N X N KOMIUIEKCHBIX MATPHII, sj(a) G=12,..,n) —

cuHryJisipHoe 3HaueHue a € M,,. B [2] Ando mosyunn o6oOmenue (2) B BUiC
caenyomero: ecnu x,y € M,,, rorga

* 1 1 .
sj(xy*) < s; (;lxlp +E|y|q), j=12,..,n (3)
(3) PKBUBAJIGHTHO YTBEPXKICHUIO, UTO CYIIECTBYET YHUTAPHOE U, TAKOE, YTO
* * 1 1
u(eyu' < Sl + 21y @
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Erlijman, Farenick u Zeng [7] noka3anu, 4to (4) cripaBeJIMBO JJII KOMITAKTHBIX
OIIEPaTOpOB, JCHCTBYIOIIMX B KOMIUICKCHOM cCemapadeilbHOM THILOSPTOBOM
npoctpancTBe (cM. [7], Teopema 1.1). Bhatia and Kittaneh B [4] npeamonoxuiy,
4yTO ecim X,y € M,,, To

1 1 1 .
sj(xy)z < s; (Elxl +E|y|), j=12,..,n (5)
Ota rumnorte3a Obwia pemnieHa nojoxuresnbHo Drury [6]. B [5] Choudhury u
Sivakumar nokasanu, uro ecmm k € N, up,q € [2,2k), TO

ot 1, 2 1, B ,
sy D < s; Clxle+21yle),  j=12.n  (6)

B [9] Farenick and Manjegani pacmupunu (3) cienyromum o0pa3oM: eciiu X,y €
M, To
* 1 1
ueey®) < e (CIxIP +21v17),  £>0. ™
rie M - mnosykoHeuHas ainreOpa ¢oH Heiimana ¢ TOYHBIM HOPMAaJIbHBIM
NOJY(UHUTHBIM CIIEIOM T U U; - 0000IIEHHOE CUHTYIISIPHOE YKCIio Z € M.

[lenpto HacTosmiel pabOTBI  SBISETCS  JalbHEWIEe JOKAa3aTeIbCTBO
0006menuii (5) u (6) B kouTekcte anredp Gon Helimana. Mbl moka3piBaeM, 4TO

.11
ecm 1 = 2min {;'5} , TO JUIS T -U3MEPUMBIX OIEPATOPOB X U Y BBHITIOIHSAETCS

CJIeyroIee HepPaBEHCTBO.
peey' ™) < e (C1xlP7 42 1y197), e > 0. ®)

2. lIpenBapuTeabHble pe3yabTAThI

Ha mpoTskennn Bcedt 3TOM paboThI, €ciM HE yKa3aHo WHoe, M Bcerjaa
o0o3HavyaeT TmoJyorpaHnueHHass anrebpa ¢on Heiimana B TwIBLOEpPTOBOM
IPOCTPAaHCTBE H ¢ HOPMAJbHBIM TOYHBIM MOJY(PUHUTHBIM CJIEIOM T. MHOXXECTBO
BCEX T -H3MEPUMBIX OIEparopoB obOo3Hauaercs deped Lo(M). UYepes Py
0003HAYaeTCsl OPTOTOHAIBbHAS MPOCKIUSA W3 H Ha 3aMKHYTOE TOIIPOCTPAHCTBO
KcH. Eciu x E M u x = u|x| sBAseTcs €ro MOJSAPHBIM Pa3I0KECHUEM, TO
UU = Pgerxyt U UU” = Py (¢ imx = x(H)). Hanomuum, uto 7(x) = u*u u
f(x) = uu® Ha3bIBAIOTCS JICBOM M MPABOW OMOPAMH X COOTBETCTBEHHO. MBI
0003Ha9aeM uepe3 Mt monoxkuTensHyro gacts M.

ITycte P(M’) — MHOXeECTBO BceX mpoekiuid M. JIBe mpoekmuu e u f
HA3bIBAIOTCSl 3KBUBAJICHTHBIMH, €CJIM CYIIECTBYET YacTUYHAs m3oMeTpus U € M
Takas, 4To u'u = e uuu’ = f. B 3TOM ciyuyae MbI 3anmuceiBaeM e ~ f. OOparure
BHUMaHHE Ha OYeHb Hoje3Hbli ¢akrt, uro r(x) =£(x*) ~ r(x*) = #(x) nus
moboro x € M B CcWiIy MNOJSIpHOTO pasioxkeHuss x. Ecniu e € P(M) u b €

M* o6parumsl, TO
£(b~te) ~r(b~le) =e. 9)
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YuuteiBas npoekiuto e € P(M'), Mbl 0003HauuM 4epe3 M, MPUBEACHHYIO
anre6py ¢on Heiimana eMe € ot M Ha e(H) co clnenom T, = T|are-

Hns x € Ly(M) byuxuus pacupenenenus A(X) OoT X omnpeensercs Kak
Ae(x) = t(eto)(x])) mpm t>0, r1me e o)(|x]) mnpencraBaser coboii
CHCKTPaJIbHYIO MPOeKInio |x| B uHTEpBaye (t, o), a 0000IIECHHbIC CHHTY/ISPHBIC
upcna u(x) or x Ha (x) = inf{s > 0: A,(x) <t} nput>0.

BymyT MCIONB30BaThCS CIOCAYIOMINE dJIEMEHTapHbIE CBOWCTBA 000OIIEHHBIX
CHHTYIJIIPHBIX uncen U (x) (mompoOuee cM. [8, memma 2.5 u 3.4]).

Jlemma 2.1. ITycte x,y € Lo(M) u t,s > 0.

(i) u(x) menpepsisen crpasa Ha (0,00) u limgou:(x) = ||x]|.

(i) e () = pe(Ix) = pe(x™) mpe(ax) = laju,(x) nns a € C.

(iii) pe (x) < p(y), ecm x < y.

(iv) peCuxv) < |lulluCOllvll, nna u,v € M.

(V) us(@lx]) = @(u:(|x|)) mast ar060# HEmpepbIBHO Bo3pacTaromeil GyHKIHH @
Ha [0,0) ¢ ¢(0) = 0.

(VD) tegs(x + ) < pe(x) + us(Y) 1 pegs(xy) < pe(Ous(y).

(vii) u.(f) = {(1)', 0 <T€f<) TS(? nus Beex f € P(M).

(viii) IIycts (x,)ps7; — MOCIEIOBATEIBHOCTh T-H3MEPHMBIX OIIEPATOPOB,
CXOIAIIMXCS K X B m3MepsieMoii Tonosorun. Torma p, (x) < liminf,,_, . u; (x;,).

(ix) us(x) = inf {||xe||:e € P(M), (1 —e) < t}.
3ametum, yto ecinu M = M, u T - cranmapTHas Tpacca, TO
ue(x) =s;(x), telj—-1,j), j=12,..,nj=12,..,n,

up(x) =0 ecmu t= n.
3. OcHOBHBIE Pe3yJIbTATHI

Jlemma 3.1. Ilyctp 1 <p,q < %, Takue, 4TO %+ 5 =1,1<p<2
Ipenmonoxum, 410 X,y € M* u y obpatum. Eciu e = ey o0)(lxy]) (t > 0) u
f =£(y~te), torna

tif < f(3x 0+ 237 f
p q

JlokasateabcrBo.  SIcHo, uro im(y~le) sBmsgercs  3aMKHYTBIM
noanpoctpanctsoM. Eciu € € H, 1o f¢ € im(y~1e), cnenoparensho, f& =y~ len
st Hekotoporo ) € H. U3 yfé = en = eyf ¢ cnenyer, uto yf = eyf. [lockonbky
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f— »10 nemas omopa y ‘e, fy le =y le. Ilpunumas compsKeHHBIE, MEI
noNyJaeM

fy=efy, ey 'f=ey

CruenoBaTenbHO,

Fy?Hytey™H=f  (y ey DUY*H=Ff.

PaGorast B My, Ml BuauM, 4t0 fy*f u y~ley”! sBustorcs oOpaTHBIMH

apyr apyry. [lycts |xy| = fooo Ade;|xy| — cnexrpanbHoe pasnoxenue |xy|. Torna

yx2y = |xy|? = f Rdeylxy] = j Rdeylxy| = j t2de;|xy| = t2e.
0 t t

Urtak, u3 s1oro cuenyer, uro x2 > t? y~ley ™1, Tlo MoHOTOHHOCTH OmEpaTOpHOro
p 2p 2p 14 r
otoOpaskenus z — z4, x 1 >t (y tey 1)a. C apyroit ctoponsl, (y ey 1)a €
2p 2p p
fMf, u3 gero cnenyet, uto fxaf >ta(y tey 1)a. C momompio (fy?f) 1 =

y_ley_l, 3aKJII0YaeM, YTO

FXTf > E(fyi) e (10)

1 1
Ipumenss (1) k monoxutensabM onepatopaM (fy2f) 4 u (fy?f)e Msl momydaem

- P T S S R
tof =ta(fy“f) «(fy°fle<ta(fy"f) s+ fy°f.
Ortcrona, ucnonb3ys (10) MblI Toydaem, 4To
2 (1 2r 1

JleMMa fo0Ka3aHa.
Teopema 3.2. Ilycts X,y € Ly(M). Ipeanonoxum 1 < p,q < 0, TakKue,

4TO l+ 1 1. Ecom r = 2min {1,1}, Torga
P q P q
1 1
ey ™) < g (5|x|pr +5|y|qr), £> 0.

Joka3zartenbcTBO. [I0 cuMMeTpUM MBI pACCMOTPUM TOJIBKO caydal 1 < p <

1° TIpenmonoxum, uto x,y € M n y obparnm. Iycts t > 0. Be3 notepu
obmmuocty, mycts  Oymer  p;(x) = a > 0. Ilpexmomoxkum, dYro & >
0 ynosietBopsier @ —& > 0. Ilycts e = e(g_zo)(xy]) u  foroe = £(y~te).
Torpa no nemme 3.1,

(@ = fome < fae (207 +2) fuce )

U3 onpenenenus w;(xy) caenyer, uro A,_(|xy|) > t. Ucmons3ys (9), moiaydaem
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(fye) = 7(€) = Te(asmy(XYD)= Aq—e(lxy]) > t. THo (iii), (iv) u (vii) nemmsi
2.1, u3 (11) cnenyer, utO

( )2 122 1,
a—&)<su (—xq +-y )

“\p q
Yerpemnsaa € — 0, Mbl ToyyaeM

2 1 22 g,
e (IxyICI) < Ut (;xq +2Y ) (12)
Bnavane npeamnonoxum, 4rto 3 <r< 3. Bo3pmem a = %. Torma 1<ac<?2.

ITockonbky ¢@(s) = s% sBisIeTcs] OonepaTopoM, BBIMYKIbIM Ha [0, 00), IpUMEHSISI
(111) u (v) memmsl 2.1 u (12), 3akmodaem, 9To

2 12 1 N\ 122 1 \°
Ht(|XY|T)=Ht(|X)’|q>S :ut(;xq +EY) =.ut<(5x" +53’)>S

- (1 %Pa N 1 Za) (1 or 1 qr)
< U l—x - = U; (—x — :
t p y t » qy

4 8 2 _r _4
Teneppr mnpennogoxum, YTO 7 <r< 7 [Tockonbky, 7 <3 = 7 MBI MOXEM

MCIIOIB30BATh IPEABLIYIIMI CIydaii, 4TOOBI MOIYYUTh CIIEAYIOLIEE:
r 1 r 1 . r
He (Ixyli) < 1 (—xpf + —yqf)-
p q
C HOMOIIBIO BEITYKJIOCTH ONIEpaTopa OTOOpakKeHHs Z — Z2, Mbl IMEEM

r 2 1 r 1 r 2 1 r 1 r 2
oyl = e (1912) < e (572 4 072) = e <(5x*’2 +oy) )g

cn )
S U\ —X -y .
p q
Hakomnel, HCIIOab3ys IPOCTYIO0 UHAYKIMIO, MBI IIOJIy4aeM TpeOyeMbIi pe3yIbTar.

0 1
2 TlpeanonoxumM, uro x,y € M. Jlna n € N BossMeM y,, = y + — ScHo,

1 1 o
wro |29 =2y = 0w lllxyal” = lxyl"ll > 0 npu n o0 C apyroit

CTOPOHBI, UCTIONB3Y (1) JIeMMBbI 2.1, MBI TOTy4YaeM, 4To i Jrboro € > 0,
1 gr 1 ) || 1 gr 1
- —Zyar) < (|12 — Zyar
He ( o Ty )= T Y

CrnenoBarenbHo, puMersis 1 , (vi) u (viil) 1eMMmsl 2.1, MBI TOJTy9aem, 94To

— 0 npu n — oo.
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L o 1
pese(lxyl™) < lim infpe, o (Ixy]") < lim infpue, (;xp’” +
1 qr pr qr ar _ 1 _ar pr
qyn)<11m1nfyt(x + 42 R )+u8( Vn y )] ,u(x +
% yqr) : Hormyckast € — 0, MBI TIOITy4aeM JKelaeMblil pe3yIIbTar.

3" Hycts x,y € Ly(M™*). Int n €N BosbMeM X, = xe[g;(X), ¥, =
= |xy|”
1 qr

1 r
u ;xp + = In 7 pxpr + = yqr 3ametuM, uto xh < xP" u yP" < yP" mostomy,

ye[on](y). Torma x, — x, yn = VU Xy Yy = XY. CJI@J:[OB&TGJIBHO Iy |”

Ue ( xP" 4= yn ) Ue ( xP" 4+ = yqr) mis Beex n € N. Hcemomwsys (viii)
neMMmsbl 2.1 20, MBI [10JIy4aeM
pe(lxyl™) < lim inf e (Jnyn ")
< lim infu; (ix + 1y,fr) < U (lxm + lyqr).
] n—o p q p q
4 Tlycts X,y € Lo(M). Tlo (ii) u (V) nemmsr 2.1,

T

) —.Ut(

ety )T = e (ly )Y = e 1D = (il )" = e (il [2)F =

ety 11Dz = e ([Iyl1l*) = weyllxD™ = ey 11D = we(xllyl =

,ut(| |||y |r) CJ1e10BaTeNbHO, U3 3 ClIeIyeT Pe3ylbTaT TEOPEMBI.

1y = meCley” 1)z = e rlxy) = g

Teopema nokazaHa.

CaeacrBue 3.3. Ilycte 1< p,q < oo, Takue, 4YTO %+ é = % Ecmu
max { p,q} = 2, rorna
w(y) S (S lel? +01y19), Yy € Lo

Joxka3arenbcTBo. BRBUay

1 1 1 i 11 2r 2r 2r
§+§ - mnapq = min { p q} max{p, q}
ror ror

P q .
CIIENYeT, 4TO —,— U T YIOBIETBOPSIOT YCIOBUIO TEOPEMBI 3.2. Utak, TpeOyempblii

pe3yAbTaT OCTAETCS B CHUIIE.
CrnenctBue 10Ka3aHo.
Pabora BeimonHeHa npu (GpuHAHCOBOM MoOAjAEp:KKe MUHUCTEPCTBA HAYKU U
BbIclIero oopa3zoBanus Pecnyonuku Kazaxcran (rpant AP14871523).

Cnmcok ucmoIb30BAaHHOM JTUTEPATyPbI
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NEUTRAL FSDES IN HILBERT SPACES: EXISTENCE, UNIQUENESS
OF SOLUTIONS AND INVARIANT MEASURE RESULTS

Stanzhytskyi O.M.
Taras Shevchenko National University of Kyiv , Kyiv, Ukraine
E-mail: ostanzh@gmail.com

We study the large time behaviour of solutions of neutral type stochastic
functional-differential equations of the form

dlu(t) + glup)] = [Au + f(uldt + o(u,)dW(t) fort > 0; 1)
u(t) = (), te[—h0), h>0.

Here A is an inifinitesimal generator of a strong continuous semigroup
{S(t),t = 0} of bounded linear operators in a real separable Hilbert space H. The

noise W (t) is a Q-Wiener process on a separable Hilbert space K. For an arbitrary
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h > 0, we denote C, := C([—h,0],H) to be a space of continuous H-valued
functions ¢ : [—h,0] — H, equipped with the norm

@ lic,:= s[up | @) ly,
t€[—h,0

where || - Il stands for the norm in H. The functionals f and g map C,, to H, and :
C, — L9, where £ = L(QY?K,H) is the space of Hilbert-Schmidt operators
from Q2K to H. In our studies, the maps f and g do not satisfy the Lipschitz
condition. Therefore, it is important for applications. Finally, ¢ : [—-h,0] X 2 -
H is the initial condition, where (£, F, P) is the probability space.

We study the existence and uniqueness of the solution to the initial problem
without the Lipschitz condition. Then we establish the Markov and Feller
properties in the shift spaces for such equations, and using the compactness
approach we establish the existence of invariant measures in the shift spaces for
such equations. The obtained abstract results are applied to stochastic partial
differential equations of the reaction-diffusion type. The problem of approximate
control of such equations is also studied.

PA3PBIBHBIE IIEPUOINYECKHUE XAPAKTEPUCTUKU OIIEPATOPA
JANOPEPEHIIUPOBAHMUS 110 JUAT' OHAJIN

Capradanos 7K.A.
Axmrobunckuil pecuonanvhulil yHusepcumem umenu K.)Kybanosa, Axmoobe,
Kazaxcman
E-mail: sartabanov42@mail.ru

AHHOTAUA. CTpPOIOTCS pa3pbIBHBIE TEPHOIUYECKHE XAPAKTEPHCTUKH OTeparopa
middepeHunpoBanus 1o auvaroHanu. IIpoBoauTcss KayecTBEHHOE MCCIEOBAHUE JBMIKEHHH,
CBA3AHHBIX C  XapaKTEPUCTUYECKUM  ypaBHEHHUEM  pacCMaTpUBAaeMOro  omeparopa
middepenuupoBanus. IlpuBoasrcs cBoiicTBa 0-epUOJMYHOCTH MHTETPaATbHONW KpPUBOM ¢
3aMKHYTOH (a30BOi KpHBOH. BBOIUTCS MOHATHE pa3pbIBHOM MEpPHOANYECKON XapaKTepPUCTHUKU
omneparopa. Jloka3piBaeTcsi TeopemMa 0 O-epHOIMYHOCTH PELIeHUs, KOTOpas MpeiCcTaBIseTcs B
aHAJIMTUYECKOU (opMe.

Kiaro4yeBble ciaoBa: oneparop auddepeHIUMpoBaHus, MEPUOA, MHOroo0pasue,
UHTETpajbHas KpuBas, QyHKIMS XeBHUcala, ApoOHas (yHKUUS, pa3pblBHAs NEpUOIUYECKast
XapaKTEPUCTHKA.
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PaccmoTpum  ciyuaif, Korma BEKTOPHOE TIOJI€ 3aJaeTCs ONepaTopoM

muddepennmpoBanus D 1o 7 e(— oo,+oo) ut;eR, j=1m cootHomennem Buna

0 o0
D=—+) —. (1)
ot jad
OHO TECHO CBSI3aHO CO CKAJISIPHBIM ypaBHEHUEM
dh
—=1. 2
i )

B cBsi3u ¢ nccnenoBaHreM KoJeOATeNbHBIX PEHICHUH CHCTEM YPaBHEHHIA C
oneparopoMm (1) BakHO wHCCienOBaTh ypaBHeHHE (2) Ha HEKOTOPOM TJIAJKOM
MHOrooopasun M, rae OHO JOIMyCKaeT MEPUOANYECKYIO0 (a30BYIO KPHUBYIO C
napamerpuyeckuM ypasaenueM h=h(z) npu 7 eR, rae h(r) — nepuonmueckas
(GyHKIMS, MHOKECTBO 3HAYEHUM KOTOPOU 3amloJHSET OTPE30K [ho,h0 +¢9]. Torma
dasoBas Touka (r,h(r)) mmorooGpasms M wu3MeHseTCs BIOTH OKPYKHOCTH

2
S,: y2+(z—%) =r’ pamayca r>0 wu gmEN 22r=60 npn reR.
CrnenoBarenbHO, CTpyKTypa MHorooOpasuss M ompexpensiercs  IpsSMBIM
npou3BeleHNeM JeHCTBUTENbHOH ocu R u okpyxHoctH S,: M =RxS,
npoctpascTBa (X=17,Y,2).

Tenepr mnpoBeneM HEKOTOPOE KAUECTBEHHOE WCCIIEIOBAaHUE JBUKCHHM,

3a/IaHHBIX ypaBHEHHUEM (2) Ha MHOrooOpazuu M .
1°. Jlns ypaBHenus (2) HMMeeT MeCTO TeopeMa CyIIECTBOBAHMS U

CAMHCTBEHHOCTH B OKPECTHOCTH KaXKJIOW TOYKH (1'0 , ho) [JIOCKOCTH (T, h).

2°. Ecnn penienne h(r) ypaBHeHUs (2) B OBYX Pa3NUYHbIX 3HAYCHUSX T
PHHAJJICKUT OJMHAKOBOC 3HAUCHUE h(ro + 0): h(z'o), TO OHO 6 -TIEPUOJNYHO.

3% Pemrenne h: S, —> | = [ho,h0 + 9].

Jleiicteutensio, h=h(r) — MoHOTOHHO  BoO3pacraromias  Hpu
T€e [TO,Z'O + 0]: J QyHKIHS, Tak Kak h'(r)> 0. Cornacuo (2), 7 u h wumeror
OJTMHAKOBYIO CKOPOCTh U3MEHCHHS. CreoBaTeNbHO,
h® =h(z°)<h(z® + 6)=h(r’)+6=h° + 6.

4%, Touku, HaxoisIiuecs Ha OJHON oOpasyromeit 7’ mumunagpa M Ha
OKPYXXHOCTH S, TPEJICTABISIOT OJHY H Ty )K€ TOUKY.

50, Touku (To,h(z'o )) " (TO + ko, h(ro + kQ)): (TO + ko, h(r°)+ kl9) (azoBoii

KpUBOH ypaBHEeHuUs (2) Ha S, COBMAAAIOT.
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Teopema 1. Humeepanvruas xpusas h = h(z') C 3aMKHYmMouU azo6oti Kpusoll

ypasnenust (2), ucxoosawas u3 mouxu (z'o,ho) yurunopa M =R xS, asraemcsa 0 -

nepuoouueckoti (Pucynox 1).

AZ

O 2 e P10 430 448 456 T

v

Pucynok 1.

JlokaszaTenscTBO TeopeMsl 1 ciexyer us coiicts 1°-5°,

YroObl ONPENEIMTh AHAJIUTUYECKHMI BHUJ IEPHOAUYECKOTO PpEIICHHS
h =h(r) mepexoaum K paccMOTpPEHMIO KAapThl IUIMHAPA, PA3PE3aB €0 BIOIb OCH
O7 W pacnosokuB 6ECKOHEUHYIO MOJIOCY C IMHUPHHON 6 Ha mockocTs 70Z.

Torna mpu 7°=0 kapra uMeeT BHJ OECKOHEUHOH ILIOCKOH MOIOCHL,
pasjieJIeHHOM Ha KBaJApaThl CO CTOPOHOM, paBHOW @, a MHTErpajibHbIE KPUBBHIE B
BUJIe OOMOTKHM IIMIKMHIPA Pa3OMBAIOTCS HAa PaBHBIE YACTH M MPEACTABISAIOT COOOM
JIMaroHaIbHbIE OTPE3KH KBaapaTos (Pucynok 2).

L L

-26 -6 0

PucyHok 2.
Ecnu takum 00pa3oM MOTyd4EeHHYIO Pa3phIBHYIO MEPUOIUIECKYIO () YHKIIMIO
0003Ha4YNUM Yepe3 Z = s(r), TO €€ MPOU3BOAHAS UMEET BUJI

ds—(f)=1— > 05(r — k@), 3)
d T kez,
rae o (T) — JIeJbTa (byHKuHﬂ I[HpaKa, Z0 — MHOYKECTBO IIEJIBIX YHcel 0e3 HYJIA.

Nuterpupys ypaBHeHus (3) uMmeeM perieHue

s(t)=7- > 0r(r-kO)= (9{9_17}, (4)

kez,
rae )((r) — ¢ynkmus Xepucaina, a {r} o3HaJaeT apoOHas yacTh 7 € R.
Takum obpasom, pemenne h=h(r) ypaBmenus (2), cormacuo (3) u (4),
MOJKHO aHAJTUTHYECKU MPEJICTABUTh B BUJIC

h(z)=s(z), (5)
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npuYeM Ha ToBepxHocTH mmmmHApa M =RxS,, B coorBercTBHU ¢ (2), MMeeT
MIPOU3BOAHYIO

s'(r)=1,
a Ha mockocth 70N uMeeT pou3BoaHyIO BUa (3).

CornacHo (4)—(5) pemenue h= h(r) MOKHO TIPEJCTaBUTh KakK (pyHKIIMEH
XeBucaiiza, Tak U ApoOHOU PyHKIIMEH, B TepMUHAX TEOPUHU YHUCET.

Teopema 2. Vpasuenue (2) umeem 6-nepuoduuecxoe pewenue h=s(z),
KOmopoe anamumuyecku npeocmasisiemcsi coomuoutenuem (4) u ma yununope
umeem npouzeoonyto, paseuyio 1, a na niockocmu npouseoonyio éuoa (3).

Taxum 06pazoM, Teopemoii 2 BBEIEHO MOHSATHE Pa3phIBHON MEPHOINIESCKON
XapakTepucTuku ornepartopa (1).

B 3aK/II0ueHHe 3aMeTHM, Tak Kak pemenue h(z) mepuonmuno ¢ mepuogom 6
MO 7, TO MOJKHO TIPEAIoNaraTh 7 € S, U aHAJIOTUYHYIO TEOPUIO MOXKHO UMETh U B
cnyqae M =S, xS, — TopounanbHoro MHOrooopasusi.

OTmeTHM, 9TO TPY M3YYCHHUH JAHHOTO BOMPOCAa MHOIO OBLIN HCITOJIb30BaHBI
DJIEMEHTHI Teopuil IudQdepeHInaIbHbIX YpaBHEGHHH Ha MHOrooOpasusx [1],
Pa3phIBHBIX NEPUOJUYECKUX JIBHKEHU [2] 1 00001meHHbIX GyHKuui [3].

Cnmcok ucmoJIb30BAHHOM JTUTEPATyPbI
1. Apuonpn B.M. JlonomHuTenbHBIE TJIaBbl TEOpPUU  OOBIKHOBEHHBIX
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2. AumponoB A.A., Burt A.A., Xaiikun C.D. Teopus konebGanuii. M.: Hayka,
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NORMAL-REGULAR SOLUTIONS OF AN INHOMOGENEQOUS
SPECIAL SYSTEM OF THE SECOND ORDER

Talipova M.Zh., Zhakhina R.U., Tasmambetov Zh.N.
Aktobe Regional University named after K.Zhubanov, Aktobe, Kazakhstan
E-mail: mira_talipova@mail.ru, ryskul75@mail.ru, tasmam@rambler.ru

The paper considers the inhomogeneous Horn (‘Pz)system and finding the types of

solutions to this system using the Frobenius-Latysheva method.
Keywords: special system, Horn system, Frobenius-Latysheva method, rank, anti-rank,
regular and irregular features.

Consider the inhomogeneous Horn system (¥, ) :
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X-Zy+(y=%)-Zy~y-Zy—a-Z=p(x,y),

: 1)
y'Zyy —X-Z, +(7/ _y)'zy —a-Z ZQ(X,y),
where are the right parts p(x,y) and q(x,y) are presented in the form of
p(x,y)=x"-y” Z_Oa#,v xHyY (ao,o # 0)’
A:o__ (2)
A y)=x"y" 2 b, Xy (g #0)
V=
The corresponding homogeneous system
X-Z+(y=%)-Zy-y-Z,—a-Z =0, .

y-Zy-X-Zy+(y'-y)-Z,-a-Z=0,
is a well - known Horn system (%, ), having a system of defining equations with
respect to the singularity (0,0) in the form
fag(po)=p-(p-1)+7-p=0,
fo(%)(p,a)z c-(c-1)+y"-o=0.
The solutions of this system are pairs: (0,0),(0,1-5'), @-#,0), @—y1-%)
— indicators of private solutions

Z(l) :1+g.x+g.y+&+l)

/4 /4 vy

Z(2)2y1—7'. 1+1+05—j/ -x+1+a_7/-y+... ; (5)
y 2-y'

2—y /4

Z(4) :Xl—}/.yl—}/'. 1+2+a—7/—7/'x+2+a—7/_7/!
2-y 2-y'

(4)

XY+

!

Y+

L(2ra—y—y )-(2+0f—7—7),xy+__1
(2-7)-(2-7)
the corresponding homogeneous system (3).
The general solution of the homogeneous system (3) according to the
general theory is represented as
2°(x,y)=C;- 29 +¢C,-. 2@ 1Cy.2® +C,.2W =
: , 6
:Cl.[l+g.x+g'.y+%_tl).xy+mj+cz.y1_7. ()
/4 /4 vy
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-(1+1+a_7/ -x+1+a_7/-y+...]+c3-xl‘7-[1+1+a_7/-x+

Yy 2—]/’ 2_7/
+—1+a,_y-y+...j+c4-x1‘7-y”'-(1+2+“_y_7 X+
y 2=y
+2+0{—7/,—7/ .y+(2+a—7/—7/)-(2+0!’—7—7)_Xy+___].
2y 2-7)-2-7")

For an inhomogeneous system (1), all five compatibility conditions are met
[1]. The homogeneous system (3) has a regular singularity (0,0) and an irregular

singularity (c0,00), and belongs to the class of systems where the rank p>0, a is
antirang m<0. Which allows us to draw a number of interesting conclusions:

1. An inhomogeneous system (1) has at least one normally regular
solution of the form
Z=expQ(x,y):x"-y" - 3 C,, - x"-y" (Coo=0) ()
wu,v=0
where

Ak +1,0 Qo k+1
Q(X,Y): k:—l. kit k—J:L'yk+l+---+051,1‘Xy+051,o'X+0‘o,1‘Y- (8)

2. Let in a homogeneous system (3) y =1+¢a’, ' =1+ ', a =m. Then the
system (3) turns into a Laguerre system [2], the solution of which is the Laguerre
polynomial of two variables. In this case, the functions p(x,y) and q(x,y)on the
right side of the inhomogeneous system (1) must be polynomials of two variables,
and we are looking for a particular solution of the inhomogeneous system Z(x, y)
in the form of a polynomial of two variables.

3. When the feature (0,0) — regular, the functions p(x,y) and q(x,y) in the

right part (1) are representable as series (2).

A particular solution of the inhomogeneous system (1) is also sought in the
form of a generalized power series of two variables in increasing degrees of the
form

2j=x" -y 3 el xy, (e #0) (i=1a), ©

HV=
where pj,o; ,C/‘;,V — some constants that should be defined.
4. If for the system (1) p>0, m<0, le. feature (o0,00) — irregular, a feature
(0,0) — regular, then the right part of the inhomogeneous system (1) is represented
as
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p(x’ y): eG(le) . Xa . yﬂ . % a’u’v . X/u . yV’
wu,v=0

q(x, y):eG(x,y).Xy.y5. i b, X -y,
wu,v=0

where G(x,y) — a polynomial of two variables. We are looking for a particular
solution in the form of normally regular series (7)-(8).

When considering specific examples, the study is much simplified. So, for
the system (1) the rank p =1, is antirang m=0.

According to the Frobenius-Latysheva method, it has a normally regular
solution, which is determined by the transformation

Z(x,y)=expla-x+p£-y)-U(xy),
where  and B — unknown constants to be determined, a U(x, y) is a generalized

power series of two variables.

In this case, the polynomial G(x,y) on the right side (8) will be a
polynomial of the first degree, so it is easy to construct a partial solution of an
inhomogeneous system, and the general solution of an inhomogeneous system is
defined as the sum of the general solution of the corresponding homogeneous
system and the partial solution of an inhomogeneous system [3].

Using substitution

_ X o
Z:exp{§+ﬂ-x 2 .y 2.U(x,y)

we get an inhomogeneous system of the form

(10)

2 07 X" Xy 1 2|0

X2 U —xy-Uy+|———2L4k-x+=—p*|-U=p,(x,y),
y-Uy 4 2 4 H pl( y)

- . Z (11)
yZUyy_XyUx+ _yT_X_Zy_i_ky—l_Z_Vz U:pz(x,y)’

where k,z and v — known constants, U =U(x,y) — common unknown function,
and the right part is represented as
pi(x,y)=expQ(x,y)- x“ -yf - ¥ AD X"y (i=12) (12)
m,n=0
Depending on the type of features, two cases are considered:
1. If the singularities are regular, then in the right part of the system (11)
Qi(x, y)=0 (i =1,2), and the solution is in the form of a generalized power series
U(x,y)=x"-y7+ X C,, -x"-y", (Cy#0) (13)

u,v=0
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2. If the features are irregular, then the solutions of the right part (11)
Qi(x,y)=0(i=12), are determined either in the form of normal series of the

Tome of two variables, or in the form of normally regular solutions (7)-(8).

The left part of the system (11) is an analogue of the well-known Whittaker
equation [4] and is called the Whittaker system [5]. All five compatibility
conditions are fulfilled for it [1] and in this case it admits only four linearly
independent partial solutions. For the corresponding homogeneous system, the
singularity (0,0) is regular, and (c0,o0) — irregular. The rank of the system p=1. Is

therefore, applying the Frobenius-Latysheva method to determine particular
solutions, replacing

U(xy)=expP(x,y)- ®(xy)
from system (11)—(12) we proceed to a new inhomogeneous system.
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AHHOTauMs. [y 00UMX SIUTMIITUKO-TIapa00IHMUECKUX YPaBHEHUH BTOPOTO MOPSIKA MO-
CTAaHOBKY IepBOM KpaeBoM 3amauu (3amaun upuxiie) Brepsbie ocymectBui ['.dukepa. Jlans-
Heifiee n3ydeHue 3Toil 3agaun npuseaeHo B MoHorpaduu O. A.Oneitnuk u E.B.PankeBud, u B
pabotax B.H.Bparoga.

B cratesax C.A.AnpameBa Juisi MHOTOMEPHBIX AJIIMITHKO-IApaOd0IMuYecKUX YpaBHEHUM
HCCIIEI0BAIaCh KOPPEKTHOCTHh (B CMBICJIE OJIHO3HAYHOM pa3pelIMMocTH) 3anadu Jupuxie B
HAJTUHIPUYECKON 00J1acTH.

Hackosbko M3BECTHO, CMeElIaHHas 3ajada Uil 3TUX YpPaBHEHUM He u3ydeHa. B nanHOM
paboTe TmoOKa3aHa OJHO3HAYHAs pPAa3pEIIMMOCTh W TOJYYEHO SBHOE IPEICTAaBIICHHUE
KJIJACCUYECKOI'0 PEIEHUs CMEIIaHHOW 3ajaud JUIsi OJHOTO Kjacca BBIPOXKIAOLIErocs
MHOTOMEPHOTO 3JUTUITHKO-TIApaboIMuecKkoro ypaBHeHHUs. [IpeanoskeHHBII MeToJ| MO3BOJISET
CBECTH M3y4aeMYIO0 3aJady K CMEIIaHHOM 3ajade JUisl BBIPOXKAAIOLIErOCS MHOTOMEPHOTO
AJUTANITUYECKOTO YpaBHEHUs, uccaeaoBaHoi C.A. AnalieBsiM.

KuroueBble c1oBa: KOPpEKTHOCTh, CMEILIAaHHAS 3a]ayda, BHIPOXKAAIOIINECS MHOTOMEPHbIE
ypaBHEHUS, cheprueckre (QyHKIUH.

BBenenue. OcHOBHas cMmelIaHHas 3ajJada  JUIsi  BBIPOXKJIAKOUIUXCS
MHOTOMEPHBIX THUINEPOOJUYECKUX ypaBHEHUNW B OOOOIIEHHBIX MPOCTPAHCTBAX
uzyuensl [1,2]. B [3,4] moka3aHa KOpPPEKTHOCTb 3TOW 3aJaud U MOJIYYEH SBHBIN
BU/JI KJIJACCUYECKOTO PEIICHUS.

Hackonbko M3BECTHO, 3TU BOMNPOCHI IS BBIPOKAAIOIMIMXCS MHOTOMEPHBIX
AJUIUNITHKO-TIApa00INYECKUX HE U3YYCHBI.

B nanHoi paboTe mokazaHa OJHO3HAYHAs Pa3pEIIMMOCTh M TMOJYYCHO SIBHOE
NpEJACTAaBICHNE  KJIACCMYECKOTO  pEIIeHWsT  CMELIaHHOM  3ajgayu s
BBIPOKAIOIIETOCS MHOTOMEPHOTO AJUIMIITHKO-TTapa00IMIeCKOTO YPaBHCHHUS.

Iocranoska 3aga4um u pesyanrar. [lycte Q , — nunmHapudeckas o0nacTb

€BKJIMJOBA INPOCTPAHCTBA Q, TOYEK (X,..X,,t), OrPAaHMYCHHAs UHIUHIPOM

F:{(x,t):|x|=1} IJIOCKOCTSIMU  t=a>0U t=£<0 , TA€ |x|— IJUHA BEKTOpa
X= (X, X)) -
O6o3nHaunuM uepes Q, U Q,uactu obiacth , a yepe3 I,,I, - HacTH

IIOBEPXHOCTHU T, JIEXKALIUE B IONYNPOCTPAHCTBAX t>0 U Q, ; o, -BEPXHEE, A o, -
HIDKHEE OCHOBaHME o0yacTu Q.

ITycte nanee S - obmas 4acTh TpaHuIl 00JacTed Q, U Q,, NpeJCTaBIAIONIEE
MHOXECTBO {t= 0,0<|x|<1} B E,.

B obinactu Q,, paccCMOTPHUM BBIPOKIAIOIIETOCS MHOTOMEPHOE DJUIMIITHKO-

napaboJnyecKkoe ypaBHCHHUE
t'Au—u,t>0,
Jrau ®
It|" Au+u,,t<0,
rae p,q=const, p>0,q> 0,A, - ormepatop Jlammaca mo nepeMeHHbIM X,,...,X,,M> 2.
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B nanpHeiiem HaMm y00HO NEPEUTH OT AEKAPTOBBIX KOOPAUHAT X,,..., Xt K

chepuueckum r,4,,...,4

m-11

tr>0, 0<6<2r 0<@<z i=23..m-1 6= (0,..6,.,).
3agauya 1. Haiitu pemenue ypasHenusa (1) B obmacty Q,, mpu t=0 H3
Kaacca C(Qup) NCHQ,,) NC*(Q, UQ,), YIOBIETBOPSIOLINE KPAEBBIM YCIIOBUAM
u, =e(r.o)ul. =y (t.6), ()
U, =y, (.6), ©)
pu 3TOM ¢(1,0) =y, («,0),y,(0,6) =v,(0,0).
[ycts {Yf (f)} cucrema NHMHEHHO HE3aBUCHMBIX chepudeckux (yHKIMiH
nopsiaka N, 1<k<k, (m-2)Inlk, =(n+m-3)!{(2n+m-2), W, (S),I =0,1... - MPOCTPaHCTBA
Cobornepa.

Nmeet mecto ([5])
Jlemma 1. Ilycth f(r,8)eW, (S). Ecnu 1>m- 1, TO pan

f(r,9)=ikznf:(rw:m(e), (4)

n=l k=1

a TaKXKC pAabl, IIOJYYCHHBIC U3 HCT'O U €PEHIIMPOBAHUEM MOpAaAKa p<l-m+1,
2

CXOIATCS aOCOIIOTHO U PABHOMEPHO.
Jlemma 2. Jlist toro, 4toObl f(r,d)eW,(S), HEOOXOAUMO M JIOCTATOYHO,

9TOOBI KO PUIMEHTHI psifa (4) yIOBIETBOPSIN HEPABEHCTBAM

| £5(n)| scl,iinz'

n=l k=1

2
f(r)| <c,,¢,,c, =const.

Yepes o, (r),p/ (t), 0603Ha4HM KOIPPUIMEHTH psina (4), COOTBETCTBEHHO

byuxunit ¢(r,0), y1(,6).
Torpa cnpaBenynBa

Teopema. Eciin o(r,6) eW, (S),w,(t,0) eW, (T, ), w, (t, 6) eW, (T ), | >37m , TO 3ajaya

1 ogHO3HAYHO pa3pelurma.
Jloka3aTeibCTBO TeopeMbl. B chepudeckux koopanHaTax ypaBHeHus (1) B
o0macTu Q, UMEET BH]

tq(urr+mT_lur—r—125uj—ut=0, %)
. 1 o )
== ) —————— sinm“—],gl =1,9,=(sing..sing_)% j>1.
=i g Sin e, aej[ a6, !

N3BectHO ([5]), UTO CnieKTp omeparopa § COCTOMT W3 COOCTBEHHBIX UHCEI
A, =n(n+m-2),n=01,.., KaKJIOMY u3 KOTOPBIX COOTBETCTBYET k

n

OPTOHOPMHUPOBAHHBIX COOCTBEHHBIX PYHKIUHU Y, (6) .
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Tak kKak HCKOMOE pelieHne 3aaaun | B 00iacTd Q, MPUHAICKUT KIaccy
C(Q.)NC?*(Q,), TO €r0 MOKHO UCKaTh B BHJIE
0 Kn
u(r,6,t) =ZZGE(r,t)Y;m ), (6)
n=0 k=1
TZIE Un(r,t) - GYHKIMH, OUIEKAIINE OIPEIeICHHIO.
[Honcrasinss (6) B (5), HCHONB3YSl OPTOrOHAIBHOCTH CheprUuecKUX (PYHKIUI
Y¥. (@) ([5]), Oynem umers

tq(airr‘f‘m_la:r—l—;j—aﬁt=O,k=1,_kn,n=0,1,..., (7)
r r
IIPH 5TOM KpaeBoe ycioBue (2), ¢ y4eTOM JIEMMBI 1, 3anmIeTcs B BHJE
un(r,a) =@ (N, un (L) =y (t),k =Lk ,n=0,1,.... (8)
B (7), (8) mpou3Bes 3aMeHy on(r,t) =un(r,t) -y (t), HOTydHM
t (5; pmole _igaij_a:t ey )
r r

on(r,a) =gk (r), on(Lt)=0, k=LK

1 Ny

n=01..., (10)

—k o A K —k k
f n(rat) =V +r_2W1n1 (2 (r) =®, (r) —Vi, ((Z) '

(1-m)

IpomsBenst 3aMeHy on(rt)=r 2 v'(r,t) 3amauy (9), (10) npuBemeM K
cienyromieit 3agaye

LU: =t [U:rr +%U:J_U:t = fnk(r,t), (11)
05 (1,0) =, (1), 05 (L) =0, (12)
7, = @BE AR ey T 00, i1 * 0.
Pemenue 3amauu (11), (12) umem B BUae
o (rit) =0}, (r0) +03, (1), (13)
rae uf (r,t) pemeHue 3aaadn
Lok = fX(r,t), (14)
U (r.e) =00}, (L) =0, (15)
a, vy (r,t) pelieHue 3a1a4u
Lo¥ =0, (16)
ok, (r,@) = 0, (1), 0, (L) =0, (17)
Pemenue BhIe yka3saHHBIX 3a/1a4, pACCMOTPHUM B BHUJIC,
ok (r,t) = Z R.(NT. (), (18)

IIpY 3TOM MYCTh
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rjae v=

0= D 2, OR 0.0, =stnRs(r)

[Moacrasmss (18) B (14), (15), ¢ yuetom (19), momyunum

R, +’1”R +uR =0,0<r<1,

R, (1) =0,|R,(0)| <,
T, +ut'T (1) =-a,,(1),0<t<a ,

T, (x)=0 .
OrpanudeHHbIM pemierueM 3aaauu (20), (21) asusercs ([6])

R(N)=vrd, (1),
n+(m-2)

2

Pemenuem 3anauu (22), (23) sBasiercs

T, ()= (exp[ Rt J)j asn(g)(exp "”gﬂdg,

IToncrasnsig (24) B (19) nonyuum

Yluzlusz,n'

1 = 1 =
r 2fnk(r,t)=Zasyn(t)\]v(ysynr), r Z(pﬁ(r)=2bsynJv(ysvnr),0<r<1.
s=1 s=1

Psipt (26) — paznoxenus psaasl Oypre-beccens ([7]), ecnu

8,0 =2[3,.(u)]" j JEFEDI, (1, O)AE

b, (0)=2[3,.,(,) ] j JEP (), (u,, )¢ |

rue W,,s= 12,... — NoJOoXUTeNbHbIe Hylu QyHKIui beccens J,(z),

PACIIOJIOKCHHBIC B IOPAIKE BO3pACTAHUA UX BCIIMYHNHEBI.

N3 (18), (25) nonyunm peuenue 3anauu (14), (15)
(1) = D V03, (1)

rae a,,(t), onpenensercs us (27).

Hanee, noactasisis (18) B (16), (17), ¢ yaetom (19), OyneMm umeTh

T, + 42T, =0,0<t<a,T () =h,,,,

PCHICHUCM KOTOPOI'O ABJISACTCA

T,. () =b, exp(ﬁ(aw _tq+1)j _
| ' q+1
U3 (24), (30) nomyunm
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Uh(r) =Y b, T exp(:ﬁ(aqﬂ _tqﬂ)}vws,nr) , (31)

rae b, HaxonsaTcs u3 (28).

CrnenoBarenbHo, U3 (13) cienyeT, 4TO €IUHCTBEHHBIM PEIICHUEM 3a1a4u
(1), (2) B obnactu Q, aBusieTcs QPyHKIUs

(1-m)

u(r,,1) =iz{wfn(t)+ rz[ufn(r,t)+u§n<r,t)]}Ynk,m (), (32)

rae of (r,t),0f (r,t) onpenensitores u3 (29), (31).
YuureiBas popmyny ([7]) 23/(2)=3,,(2)-,.,(2) , ouenku ([8,5])

2 Vs Vs 1
J = /— ——v—-=)+0| = |,v=0,
L(2) p cos(z 21/ 4)+ (z”j %

al
ﬁYnk,m ©)

J

(33)

k,|<cn™?, gcznTM,j=1,m—1,|=0,1,...,

a TaK)Ke, JIEeMMBbI, OTpaHUYCHHUS Ha 3aJaHHbIC QYHKIHH v, (t,0),0(r,0) , Kak B [9],
MO>KHO JI0Ka3aTh, YTO MOJYYeHHOE pelieHue (32) NpuHAIJICKUT KIaccy
C(Q.)NCHQ, US)NC?(Q,) . danee, us (25), (30), (32) t > +0 npu UMeeM

u(r,8,0)=z(r,0) = iznr: (NY.,(0),

n=0 k=1

©  (2-m) a 2 2
T: (r) = l//lkn (0) + Z r 2 [J‘ as,n (5) (expﬁgqﬂjdg + bs,n (expﬁamrlj:l\] r\+(m—2) (/’ls,nr)' (34)

u,(r,0,0)=v(r,0) =iznv:(r)v:m ©) (35)

n=0 k=1

= (2-m)

V: (r) = l//1kn'r (O) - Z r 2 as,n (O)‘] (m-2) (lus,nr) -
s=1

v+
2

N3 (27), (28), (33), a Takke J€MM BBITEKAET, YTO 7(r,d), v(r,0) W, (S), | >37m.

Taxum ob6pasom, yuntsiBas kpaesble yciosus (3), (34), (35) B obnactn Q,

OPUXOAUM K CMCIIAHHOW 3a7ade JJisg BBIPOXKIAIOMIETOCS MHOTOMEPHOTO
AIUTANITHYCCKOTO YPaBHCHUS
[t Au-u, =0 (36)
C JAaHHBIMHU
ul, =7(r,0),u :v(r,e),u|rﬁ =y, (t,0). (37)

B [3] noka3ana ciemytoias TeopemMa
Teopema 2. Ecin z(r,0), v(r,0) eW,(S), w,(t,60) W, (T,), |>3?m , To 3agay4a (35),

(36) nmeeT eTMHCTBEHHOE PEIICHHE.

Janee, ucnonb3ys TeOpeMy 2, MPUXOAUM K CIIPABEIJIUBOCTH TEOPEMBI 1.
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3aKIII0YeHNe
Tak kak B [3] mosyueH siBHBIN Buj pemieHus 3agaun (36), (37), To MOXKHO

3aIMCaThb ABHOC MPCACTABJICHUC U OJIA 3a/1a4n 1.
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B pabote ctpositcs ypaBHeHHs ['aMUIIbTOHA IO 33JaHHBIM CBOMCTBAM JIBHKCHUS B KIIacce
croxactuueckux auddepeHnmanbHbix  ypaBHeHmid Tuma UWto. [losydeHHBIE pe3ylbTaThI
WJUTIOCTPUPYIOTCS HA MPUMEpE ABMUKEHUSI UCKYCCTBEHHOTO CITyTHUKA 3€MJIU TOJ1 IEHCTBUEM CHJT
TATOTEHUS U a3POJIUHAMUYECKUX CHUIIL.

B mnactosiiiee Bpemsi Teopusi OOpaTHBIX 3adady JAMHAMUKM B KJacce
0oObIKHOBeHHBIX nuddepeHunanbupix ypaBHeHut (OJ1Y) pas3BuTa A0CTaTOYHO
nonHo [1-3 u ap.] ¥ BOCXOOUT K OCHOBomoJararwomieii padore Epyruna [4], B
KOTOpOU cTpoutcsi MHOkKeCTBO OJY, KOTOpBIE MMEIOT 33JaHHYI0 MHTETPAIbHYIO

KpPHUBYIO.
ITo 3apaHHOMY MHOXECTBY
A):A(x,%1)=0, 1eR™, xeR" 1)
TpeOyeTCsi HOCTPOUTH CTOXaCTUYECKUE YPABHEHHUS] TaMHJIbTOHOBOW CTPYKTYpHI
6 =M
‘ apk , (2)
- oH ’ > j 1 Al
pk :__+ij (q1 p’t)é: 1 (k :lan)1
o,

Tak, 4robbl MHOXecTBO /(t) (1) ObUIO HWHTErpajbHBIM MHOI000pa3HeM

NOCTPOSHHBIX ypaBHeHUU. 3mech {&(t,w),...& (t,w)}— cucrema ciayyallHBIX

MPOIIECCOB C HE3aBUCHUMBIMHU TMPHPAIICHUSAMH, KOTOphIie, cieays [5], MoxHO
PENCTABUTH B BHJE CYMMBI IIPOLECCOB: & =&g + | c(y)P2(t,dy), &,— BHHepOBCKHii

poliecc; PY— ITyaCCOHOBCKHH TpoIIecC; Po(t,dy)— YHCJIO CKAYKOB Mpoliecca P' B

uarepsajie [0, t], momamarommx Ha MHOXECTBO dy; c(y)- BEKTOpHas (YHKIHS,

oToOpakaromas MpoCTPaHCTBO R* B MPOCTPAHCTBO 3HAYCHUU R¥ nporecca &(7)
pu JIroooMm t.

[TocTtaBnenHass 3agaya B Kiacce OOBIKHOBEHHBIX Aud@epeHIInaIbHbIX
ypaBHEHUH paccMmaTtpuBaiachk B [6]. B [7] paccmarpuBaiiack 3aqada TOCTPOCHUS
¢byakmuu Jlarpanka 1mo 3aJaHHBIM CBOMCTBAM JIBMDKCHHS B IIPEATIONIONKEHUHN, YTO
CIy4yallHble  BO3MYINAIOLIME CHJIBI TPUHAIJEKAT KIaccy IMPOLECCOB €
HE3aBUCHMBIMH ITPUPAIICHUSIMH.

B nmaHHOi pabOotre, mnpuMbIKaromieii k padore [7], paccmaTpuBacTCs
CTOXacTHYECKas 3ajada IOCTpoeHHs GyHKOUKM [aMHIBTOHA 110 3aJaHHBIM
CBOMCTBaM JBH>KCHHS.

Takum oOpazom, MycTh {&(f,®),....E;(1,0)} U {y1(t,®),....wn.r (t, @)} - cUCTEMBI
CIIy4YaiHBIX MPOIECCOB C HE3aBHCHMBIMU IPHUPAILICHUIMH, KOTOpbIE, cienys [7],
MOXHO MPEICTABUTh B BUJE CYMMbI BUHEPOBCKOI'O U ITyaCCOHOBCKOTO MPOIECCOB:

1) £€=¢ +f0(y)P0(t,dy), £, — BHHEPOBCKHI IMpOIECC; PY- yaCCOHOBCKHI
nponecc; PY(1,dy)— umcio ckauxos nporecca P° B maTepsae [0, t], momamarommx
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HAa MHOKECTBO dy | c(y) - BeKTOpHAs (DYHKIHS, 0TOOPaXKAIOIIasl IIPOCTPAHCTBO R>"

B [IPOCTPAHCTBO 3HAYCHUH R¥ npoiiecca &(¢) mpu JIr00oMm t;

2) w=wo+|C (y)ﬁO (t,dy), wo — BUHEPOBCKUU  IIPOLIECC; po_

IyaCCOHOBCKUU MPOLECC; ISO(t,dj/) — YUCIIO CKAYKOB IIpoliecca PO B untepsaie [0,

t], monmagarommx Ha MHOXKeCTBO dy ; C(Y)- BEeKTOpHAas (YHKIIHS, OTOOpaXKaromias

IPOCTpaHcTBO R2" B mpocTpaHcTBO 3Hauenuii R™' mporecca w(t) mpu io6oM t.

I pelieHuss MOCTAaBICHHOM 3aJayd Ha IEPBOM JTale M0 3aJaHHOMY
MHOECTBY METOJIOM KBazuoOpaienus [3] B coueranuu ¢ metoioM Epyruna [4] u
B CHJIy CTOXAaCTHYECKOro AudPepeHIMpOoBaHUs CIOXKHONW (QYHKIMM B clydae
IPOIIECCOB C HE3aBUCUMBIMU TpupaiieHussMu [7] crpoutcs auddepeHimaibHoe
ypaBHeHue Mto BTOporo nopsjaka

%= f(x,%1)+o(x,X,t)&é 4)

TaKk, YTOOBI MHOXECTBO A(t) SBISJIOCH MHTETPAJbHBIM MHOr0OOpazueM
OCTpoeHHOro ypaBHeHus (4). U, nmanee, Ha BTOPOM dTare MO MOCTPOCHHOMY
ypaBHEeHHUIO WMTO CTpOATCS SKBUBAJICHTHBIE €MY CTOXaCTUYECKHE YPaBHCHHS
raMHJIbTOHOBOW CTPYKTYPBI.

[IpeaBapuTenbHO, MO MpaBmly cTroxacTuueckoro nuddepenuupoBanus Mto
COCTaBJISIETCA YPAaBHEHUE BO3MYIIIEHHOTO JBUKEHUS

. OA 04 OA oA
A=—+—"%+—1Ff +S1+S, +S3 +— 0%, 5
a T e toLTSetSat g ©)
1622, 1 %2 T
rae Sy=-—:00 ,anon —, :D, D=oo’ , caenys 7], noHMMaETCs BEKTOD,
2 ox? ox°

SIEMEHTAMU KOTOPOTO CIyXKaT CJleasl IMPOU3BEACHWM MaTpUL] BTOPHIX
MPOU3BOJIHBIX COOTBETCTBYIOMMX 3neMeHToB A, (X, X,t)  Bekropa A(X X,t) mo

.
. 024 0% X 0% A
KOMIIOHEHTaM X Ha Marpuiy D — :D={trl—=D|, ... ,tr Dl ;
R x> {axz x>
Sy = [{A(x, x+oc(y),t) -
—ﬂ(x,X,t)+2—;100(y)}dy . S3.=[[A(x %+ 0t(y),) - A%, %, D]PO(t,dy)

U BBOJATCS TpousBosbHBIe (yHknuun Epyruma [4] A u B, oGmamarommue
ceoiictBamu A(0,x,%,t)=0, B(0,x,x,t)=0,
A= A4 X %1)+B(4, X, %, 1)E. (6)

CpaBHuBasi ypaBHeHUs (5) u (6) MPUXOIUM K COOTHOIIIEHUSIM
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Qf = A—%—%X—Sl—sz —Sg3,
OX ot ox

E’9—/aio'= B.

OX

(7)

s onpenenenust u3 (7) uckomeix QyHkuuit f W o Ham moTpeOyercs

clenyroliee yTBepKICHUE:
Jlemma 1 [3, ¢.12-13]. COBOKYMHOCTh BCEX PEIICHUI JTMHESHHONW CUCTEMBI
Hv=g, H=(hk), v=(v) g=(g,) #=1m, k=Ln, m<n, (8)

rac Marpuia H umeet paHTr paBHBIﬁ M, onpeaeIsICTCs BhIPAKCHUEM

Vv=av' +Vv

3ACCh & — CKaJIsIpHaA BCJIIMYHHA,

vl =[HC] =[hy..hCrms1--Cng] =

€
g

hml
Cm+11

Ch-11

(9)

€n

h1n

hmn

Cm+1,n

Ch-1n

€CTb BEKTOpHOE NpoussefieHne BekTopoB N, =(h,«) ¥ NpPOU3BOIBHBIX BEKTOPOB

Cpr=(Cpk) p=mM+1ln-1 e —eIMHUYHBIE OPTHI IPOCTPAHCTBA R v! = (VI)

=~

0
hqg

= hml

Cm+11

Ch-11

1
hk

hmk

Cm+1,n

Ch-1k

0
hln

hmn

Cm+1,n

Ch-1n

rame H =H"(HH")™", H' - MmaTpuil a TpaHCTIOHHUpPOBaHHAsA K H.

[To nemme 1 onpenenum BekTop-GyHknuio f u marpuiy o B Buze

o aA" a4 04

fos| ZC|+| | AL Ly 5, -5,-5 10
1{&( } (axj( ot ox . 12 3} (10)

oA A
Oj m{ax } (GXJ i ( )
_ T : “ _ s .
rne oj =(01,02i,....00i) - 1-BIlif cTOMGEN MATPUIIBI 0—(0Vj),(v—1, : J_1,r)
B; = (Byi,Bi,..,Bmi)' - I -blii CTOXGEL MATPHLBL B—(Bﬂj) (,u:l,_, J:L_r),

$1,S2 — IPOU3BOJBbHBIC CKATIIPHBIC BEJINYHHBI.
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CnenoBatenbHo, u3 (11), (12) cienayet, 4To MHOXKECTBO TU((HepeHIIMATBLHBIX
ypaBHeHHMI WMTO BTOpOro mopsaka, oOjamaroliee 3adaHHBIM HHTETPaIbHBIM
MHorooo6pasuem (1), umeet BuJ

oA oA (. o4 oA oA AN oA ot .
X=5|—Cl|+|—| | A——=——-%=5,-S,-S, [+]|Spq| —C |+ —| B4, ...,S.| —C |+l —| B, |&
Lo (o) (AR rsmss) {Zl{ax F{a) oo o) f}"g

s moctpoeHust GyHKIMHM ["'aMUIbTOHA MPEIBapUTEIILHO BBEJIEM HOBYIO
MEPEMEHHYIO Y| = X, U MEpenuIleM 3aJaHHOe ypaBHeHUe (4) B BUJE

Xk = Yk
{yk = fi (6, y,t)+ o (x, v, 2, (12)

rae BekTtop-pynkuus f =(fy, fo,..., fn)T U CTOJIONBI MaTpHIel O =(01,07,...,0¢)

UMeroT cooTBeTcTBeHHO BH (11), (12). 3aTtem ¢ MoMoIbiO 3aMeH
Xk . Yk, 0,mpn j=1n; _
Zk = , Gk = ) [//J = j_n . V!
Yk fi EX N mpuj=n+ln+2,...,n+m;

0 0
U= (ﬂkj)= o T 5= (akj) nepenumieM ypasaenue (12) B Bujie
Onxn  Onxm

2 =Gy (2,t)+ i (z.thi . (13)

Jlanee, croxacTUyeckoe ypaBHEHHME TaMWIBTOHOBOM CTpyKTypsl (3) ¢

. k=1n
IIOMOIIBIO 3aMEHBI VK = e 51 MaTpPHIL
Pk_n, K=n+1Ln+2,...2n

_ _ Onxn Thxn _( )_ Onxn Onxm
(0—(€0kv)— | 0 v P=\Pkj)= 0 , , @ TaKXKE€ C Y4E€TOM TOro, 4TO
“Inxn VYnxn nxn  9nxm

6pk _ oH
oH 7| Pkv v MEepenuIIeM B BUAC

14

H .
= Pkj¥ j (14)

Vi — Pky
ov,

WM, €CJIM BBECTH OOPAaTHYIO K (¢, ) MaTpuIily

(010 )= (o1 )t (O - ')

I nxn Onxn

Y BEKTOP

Iy = 0yyVy, :[
to ypaBHeHue (13) nmpeoOpa3yercs K 3KBHBAJICHTHOMY YPaBHEHHUIO
oH
7, . 1
Oy Lk o Oy PV (15)
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PaccmoTtpum 3amady HempsiMoro mpesictaBieHus ypaBHeHust (13) B Buue
ypaBHEHHS TaMHIBTOHOBOH cTpykTyphl  (15), T.e. ¢ TOMOIIBIO HEKOTOPOW

k
matputlpl [ = (7,,) pPacCMOTPUM COOTHOIIEHHE

k(s . , oH .
7v(2k -Gy _/Ukjo)vaka T kP
14

501041

. . . oH .
Cuk2k — Dy (2,t) = 7 s | = Ok~~~ O PV | (16)

1%
_ k. _k
rae Cy =7,: D, (z,t) =7, Gy .

Jlns BeimonHeHust ToxaecTBa (16) TpeOyercst BHIOJHEHHUE YCIOBUM

- D -
Cvk Oy v (Z,t) 6ZV , (17)
Y 1 = O Py (v.k=12n, j=1n+m) (18)
7 = ox. (19)

W3 cootnomenuit (16) u ycnosuit (17)-(19) caenyet, uTo  44j=P,j, a 3T0

BJICYET BHIMIOJIHEHUE PAaBEHCTBA
oj = ok, (=1n, j=1m)

CrnenoBaTenbHO CIIpaBe1JIMBa

Teopema 1. /[na uenpsamoco nocmpoenus cmoxacmuyeckoeo YpaeHeHUs
2AMUTLIMOHOB0U cmpyKmypsl (3) no 3adannomy mHodxcecmsy (1) max, umoowl
mHoocecmeo (1)  Ovio  unmeepanonvim  muo2oobpaszuem  ypasuenus  (15)
Heobx00umo u docmamoyno evinoanerue ycaosuil (17-19).

IIpumep. PaccMOTpuM CTOXACTHYECKYIO 3a/lady TOCTPOCHUS (PYHKIIUU
l'amunpTOHAa 1O 3aJaHHOMY CBOWCTBY JBHWKEHHMSI Ha TMpUMEpPE JBHIKECHHS
HUCKYCCTBEHHOI'O CHOyTHUKA 3€MJIM 1O  JCUCTBUEM CUJI TATOTEHUS U
a’poAMHAMHUYECKUX CHII [8].

[Iycth cBOWCTBA IBUKEHHUS 3a71aHBI B BUJE:

Alt): A= 6%+ 0% +ay =0, AeRh, (20)
Torga ypaBHEHHE BO3MYIIEHHOIO JIBH>KEHUS (5) MPUMET BUL
A =2600+20100 + Sy + Sy +S3 =200 + 2a10f + Sy + Sy + S3 + 201005¢ | (21)

e Sy = o2, Sy =[Raoc(y)[40 +oc(Yjdy, Ss=[{2ayoc(y)[40+ac(P°(t.dy) .

Beenem ¢ynkuuu H. II. Epyruma a=a(4,0,0,t), b=Db(1,6,6,t) co CBOWCTBOM

a(0,0,0,t) = =b(0,6,0,t) =0 U Takue, 4YTO UMEET MECTO COOTHOIIECHHE
A=al(0,0,t)+bA(0,0,t)¢ . (22)
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N3 cootHomenuii (21), (22) cneayeT, 4TO MHOXKECTBO ypaBHeHUU (4), B
HaIlleM IPUMEpPe UMEIOIIEe BH/T
0="1(0,0,1)+c(0,0,1)&,
Oyner obsanath UHTETpadbHBIM MHOTOOOpasuem (20), ecnu f u o OyayT UMETh
COOTBETCTBEHHO BHU]T
a0 + b +ay)—200-5,-S, —Sg o b(6? +q0? +ary)
2010 ’ 2010 '

YPaBHeHI/Ie ABWIKCHUSA HCKYCCTBCHHOI'O CIIyTHHKA 3emin oA I[eﬁCTBHCM

f

(23)

CHUJI TATOTEHMS U adPOJIMHAMUYECKUX CUJI, Ciieays paboTe [8], 3amuiiieM B BUJE

d=1(0,0)+50,0)¢ (24)
rae 6 —yroi TaHraxa, a QyHkuuu f u &umeror BUJT
f =Qlsin 20-Q[g(8) +10l, & =Q5[g(h)+ndl (25)
B pa6ore [7] no ypaBHeHu1o (24) B HEIPSIMOM TPEICTaBICHUN
L) oL C .
d E1-E _510,6,0)E=h[d-f -
[89] PV (0,0,t)¢ =h[0 o] (26)

npu h=e"°" cTpouTCs JarpaHkuaH
L= e‘Q’7‘[%6'?2 - Q(%I c0s20+G)], e G= _[ g(0)da.. (27)

[lpu »>TOM ycioOBUs, OOCCIEYMBAIOIINE HHTEIPAILHOCTh  3aJaHHOTO
MHOkecTBa (20), UMEIOT B
a(0® + a0 +a,) — 200 S, - S, — S, = 2,0{Ql sin 20— Q[g(6) + €]}
{b(@2 +a,0% + ) = 20,0Q5[g(0) + 6.
Ucnonws3ys ¢yukuuto Jlarpamka (27) u mnpeobpasoBanme Jlexxanmpa,

ompeaenuMm (ynkuuio ['amuiabToHa B BHae H =;(9—L(9,9,t)‘9:g(0, ) - U r x
oL ~Qitg j = gQrt
z=a—9, TO y=e ¢ mu, ciaedgoBaTeiabHO, H=e~"y. Torma KaHOHHYECKOE
ypaBHEHHE, COOTBETCTBYIOIIEE CTOXAaCTHYECKOMY YPaBHCHHMIO JIarpaHKeBOM
CTPYKTYpHI (26), MpUMET BH/T
oM
ox

coH .
= -1+ 6(0, . V)E,
Ay 0, 2, 1)
rae 6 =0'(6,0,t) 6=0(0, 1.1) + @ byHkIms ['aMunbTOHA ONpeeseTcs B BUJIC
H = %eQ’ﬁ 226 Qp(0).
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UDC 517.927
ON A SINGULAR PROBLEM FOR A NONLINEAR DIFFERENTIAL
EQUATION

Uteshova R.E.
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
International Information Technology University, Almaty, Kazakhstan
E-mail: r.uteshova@iitu.edu.kz

On a finite interval (0, T), we consider a differential equation
dx

—=ftx), x€R", |x||=max|x]| (1)
dt i=1n
where f(t,x):(0,T) x R®™ - R" is a continuous function with singularities at the
endpoints that will be specified below (Condition C,).

Equations with singularities at the endpoint of the domain interval are often
encountered in applications. Various problems for such equations have been

studied by numerous authors (see [1-3] and references therein). In order to study
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the behavior of solutions of equation (1) at singular points, one can use so-called
“limit solutions”.

In [4], for a nonlinear differential equation considered on the whole real axis,
the concept of a “limit solution as t¢ — 00” was introduced. Some conditions were
derived, under which all solutions of the differential equation from a functional
ball coincide with a limit solution when t — c. By means of Lyapunov
transformations and limit solutions, regular two-point boundary value problems
were constructed to approximate the restrictions of solutions bounded on the whole
real line to a finite interval. To this end, iterative processes for unbounded operator
equations [6] and the results obtained in [7] were used where analogous problems
were studied for a linear ordinary differential equation.

It was proved that, under certain assumptions on the right-hand part of the
equation, the limit solution x,(t) possesses an attracting property; i.e. there exists
a functional ball centered at x,(t) where the differential equation has at least one
solution, and all solutions from this ball coincide with x,(t). This property made it
possible to solve the problem of approximation of a solution bounded on the whole
real axis.

The attracting property of the limit solution was established under
assumption that the differential equation linearized along the limit solution

2= £t x(®)y, yERY,
admits an exponential dichotomy on R. However, if the differential equation has
certain singularities in the domain, this assumption may be violated.

The concept of a limit solution was extended in [7] to the case of a nonlinear
differential equation with a singularity at the left endpoint of the domain interval.
In this case the limit solution was introduced with a weight which is chosen taking
into account the singularities. It was proved that the weighted limit solution also
has the attracting property.

In the present paper, we consider a singular boundary value problem for
equation (1) on a finite interval. We define the concept of a limit solution at
singular points and establish conditions under which this solution possess an
attracting property. We then construct approximating regular two-point boundary
value problems that allow us find approximate solutions of the singular boundary
value problem with any specified accuracy.

Let r be a positive constant and x,(t) be a function continuously
differentiable on (0, T).

We will use the following notation:

C(J,R™) is a space of functions x: 7 - R™ continuous and bounded on 7 <

(0, T) with the norm ||x|]; = sup ||x(t)|];
tej
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S(xo(),9,7) = {x(t) € C(I,R™): x(t) — x() € C(I,RM), |lx — x|l < 7};
G(xo(t),7,7) ={(t,x): t €T, |lx — x,|| <71}
We suppose that the following conditions are fulfilled.
Condition Ci. The function f.'(t,x) is uniformly continuous in
G(xo(t), (0,T), 7).
Condition C. The function a(t) = ||f,'(t, xo,(t))]| satisfies the relations

) T/2 _ . T-§ .
S, 7 et = oo i J7.7 a(eyde = o

Condition Cs. lim M:AO’ lim fa! (6%0(1))

A are constant matrices whose eigenvalues have nonzero real parts: Re 4;(4,) #
0,Re 2;(A7) #0,i =1,n.

= Ay, where A4, and

. . fEx) (I
Condition Ca. tl}(r)r}ro oy = fo(x) and tLlTr"rlo a0 = fr(x).

Definition. A function x(t) continuously differentiable on (0,T) is called a
limit solution of Eq. (1) with weight 1/a(t) ast -» T — 0 if

i (£) — £t xr (D
t—>T—0 a(t) -
Let S, and S denote some real nonsingular (n X n) matrices that transform
the matrices A, and A, respectively, to the generalized Jordan form
0 T
Ay = SoAoSyt = (‘481 A?Z)), Ar = SpApSTY = (Agl A%z>'
Here A), and A%, i = 1,2, consist of generalized Jordan boxes corresponding to the
eigenvalues of the matrices A, and A; with negative and positive real parts,
respectively. Let n; and n, denote respectively the numbers of eigenvalues of 4,
with negative real parts and eigenvalues of A, with positive real parts.
Let us consider the problem

0.

%=f(t,x), te[T-6,T), 0<6<T, (2)
PrSp[x(T—6)—xp(T—68)]=d, deR™, (3)
x(t) € S(xp(t),[T —6,T),19), 15>0, 4)

where Pr = (0, 1I,,) is an (n, X n) matrix.

Theorem 1. Suppose that x(t) is a limit solution with weight 1/a(t) as t —
T —0 of equation (1) and Conditions C; —C3 are satisfied. Then there exist
numbers &, € (0,T), 1, > 0, and p, > 0 such that, for any § € (0, §,], problem

(2) - (4) has a unique solution for all d € R™z satisfying the inequality ||d|| < p,.
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The following theorem establishes an attracting property of the limit solution.

Theorem 2. Suppose xr(t) is a limit solution of equation (1) with weight
1/a(t) ast » T — 0 and Conditions C; — C3 are met. Then:

(i)  there exist numbers §, > 0 and r, € (0,r] such that equation (1) has
at least one solution in S(x(t), [T — 8o, T),10);

(i) any solution x(t) of equation (1) belonging to S(x;(t),[T —
8o, T), 1y) satisfies the limit relation

tLiTr,rgollx(t) —x7 ()|l = 0.

Similarly, we can define a limit solution x,(t) of equation (1) with weight
1/a(t) ast — 0 + 0 and prove its attracting property.

We now proceed to a singular boundary value problem for equation (1). The
boundary condition is the requirement on solutions to belong to a functional ball
centered at a limit solution.

Problem 1. It is required to find a solution %(t) of equation (1) that belongs
to the functional ball

%(t) € S(xr(0),(0,T),7),

where x, r(t) is a limit solution of equation (1) with weight 1/a(t) ast - 0+ 0
andt - T — 0.

To find an approximate solution of Problem 1 we state the following
problem.

Problem 2. Given € > 0, it is required to determine a number § > 0 and a
continuous function g: R™ x R™ — R™ for which a solution xs(t) of the two-point

boundary value problem

dx
— = f(t,x), te(5,T—90), x € R",

dat
g[x(8),x(T — 6)] =0,
satisfies the inequality

max |lxs(t) — xqo+()]|]| < €,
Jnax [lxs(5) = xor (0]

where x, +(t) is a solution of Problem 1.
Let us construct the (n X n) matrices

_(ln, O (0 0
Pl‘(ol o)a”d PZ‘(O 1)

where [, are the identity matrices of order n,., » = 1,2. Under Conditions C1 - C4,

we have constructed a regular two-point boundary value problem approximating
Problem 1:
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Z_ftx), te@®T-5), xeRn

P;Sofo(x(8)) + P,Srfr(x(T —68)) = 0.
It can be shown that there is a mutual relationship between the solvability of
Problem 1 and that of its approximating two-point regular boundary value
problem.

REFERENCES

1. Kiguradze, I.T. and Shekhter, B. L. Singular boundary-value problems for
ordinary differential equations of the second order, in: VINITI Series in
Contemporary Problems of Mathematics. Latest Achievements [in Russian] 30,
105-201 (1987).

2. Samoilenko, A. M., Shkil’, M. L., and Yakovets’, V. P. Linear Systems of
Differential Equations with Degenerations [in Ukrainian]. Vyshcha Shkola, Kyiv
(2000).

3. Kudryavtsev, L. D. Problems with initial asymptotic data for systems of
ordinary differential equations. Dokl. Ros. Akad. Nauk, 407(2), 172 — 175 (2006).

4. Dzhumabaev, D. S. Singular boundary value problems and their
approximation for nonlinear ordinary differential equations. Journal of Comp.
Math. and Math. Phys., 32(1), 13 - 29 (1992).

5. Dzhumabaev, D.S. Convergence of iterative methods for unbounded
operator equations. Mathematical Notes of the Academy of Sciences of the
USSR 41, 356-361 (1987). https://doi.org/10.1007/BF01159858

6. Dzhumabaev, D. S. Approximation of bounded solutions and exponential
dichotomy on the axis. Journal of Comp. Math. and Math. Phys., 30(6), 32 — 43
(1990). https://doi.org/10.1016/0041-5553(90)90106-3

7. Dzhumabaev, D.S. and Uteshova, R.E. Weighted limit solution of a
nonlinear ordinary differential equation at a singular point and its property.
Ukrainian ~ Mathematical Journal, 69(12), 1997 - 2004 (2018).
https://doi.org/10.1007/s11253-018-1483-2

74


https://doi.org/10.1007/BF01159858
https://doi.org/10.1016/0041-5553(90)90106-3
https://doi.org/10.1007/s11253-018-1483-2

Cexuug Ne2
Section Ne2

MATEMATHUKAJIBIK ®U3UKA TEH/IEYJIEPI

EQUATIONS OF MATHEMATICAL PHYSICS

75



CBI3BbIKCHI3 IEKAPAJBIK ECENTEP/I )KYBIKTAII IIBIFAPY IBIH
BIP DJIICI

Oreyosa H. K.}, Illapunosa B.J1.2
YA6aii amevinoazer Kazax ¥immouix nedazocuxanvlx ynueepcumemi, Aimamoi,
Kazaxcman
2Anmamel mexnono2usnblK ynueepcumemi, Aimamot, Kazaxcman

JuddepeHnmanapik TeHICYIEPAIH IMIEKapalblK €CENTEPIiH MISHTyre apHallFaH
KYBIKTAy 9IICTEpIHIH TYpPJIEPIHIH KOIl eKeHJIr KeMuuTikke MamiM. by kymbicTa
CBI3BIKCHI3 IIEKAPaIBIK €CENTepAl )KYBIKTAIl IIBIFAPYAbIH YCHIHBUIFAH JKaHa OMICIH
[3] opi Kapaii 3epTTeyAiH HOTHKEIEP1 YCHIHBLIABI.

H 6anax KeHICTITH/I€ CBhI3BIKCHI3 TEHIEY 11 KapacThIpalbIK:

Alu)=feH, ueH. 1)
Kenecineit yitrapaibik:
A(0) =0 xone \A(u)\ < C < oo TeHci3airinex \u\ < C, mbIFrajsl, (2

myHJarbl C; - Tek C TypaKTbICbIHA TOYEJ; ‘ - Opl Kapai Ja 3JIeMEHT HOPMachl

HEMece CKasp MOAyi. (2)-mapT anpHopiiblK OaraHbIH Oap eKEHIIriH KepceTei.
A(-) -ra (2)-nen Oacka Keieci MIEKTEYIEPIi 1€ SHIi3eMi3:

U Jul <d <o Gomranma |AU +v) — AW) - B < C, (ul oo, @3)
myHaarel B(U) — opbOip UeH ymiH cBBBIKTH y3imiccis omepatop (UeH
HYKTeciHaeri A Typienyidiy ['aTto OOMBIHINA TYBIHIBICHI), Cz(]u‘,‘u‘)- IIEKTEJITEeH,
OipKabITel KeMimeiTiH (opOip aprymenTti OoiibiHINa), y3imiccis ¢yHkims. (3)
mapt A() ywid kimimikrig OipiHmi perine neiinri Teinop KikTenyiHiy >KoHE
KaJJIBIK MYIIIeCi ymiiH OaramayablH Oap exewmiriH Oimmipeni. (3) TumTi mapTrap
KEHUT TeKCepiie Il )koHe OopbIHaaIaabl. OnepaTop KalThIM/IbI )KOHE

B )] <Cy(u] @
JIETeH YIUFapbIM/Ibl KOJIaHAMBbI3, MYHIAFbI ‘B_l (u)‘ - OIEepPaTOPJIBIK HOpMA.

(1) memrimiz CBI3BIKTHI ecenTepre Kearipeiik. Uy - (1) memnrimMiniyg 6acTankbl
KYybIKTaybl 00JIChIH. Kenect KybIKTaynap/bl MbIHA TYPAE 131€1MI3:
Unyg =Up +E0;.

(3)-TeH anmaTHIHBIMBI3:
2 -
A(un+1)_ f= A(un)_ f +gn B(un)un +‘9rﬂ0n‘ C(un!Unign), (5)

myanarsl C(Up,,0;, €,) Kkeneci 6aranbr:
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CUpn,Un,&n) < Co Uy jon]) < 0 (6)
&n €[-11] 6onranna kanararranmbIpabL.
A(u,)- f =S, men 6Genrimeiimis xome B(U,)v, =Al,)~f Teruirinen o, -ni

anambI3. (4)-TiH KaUTBIMIBUIBIFBI COHFBI TEHAIKTI MYMKiH eteni. Oupna (5) nen (6)-
JTIaH aJIaThIHBIMBI3:

2,2
S| S[S|@+ £+ 7ay), ©)
MYHJIarbl aﬁ - Keneci TeHCiSI[iKTi KaHaraTTaHAbIPATBIH KE€3 KCJII'CH CaH:
-1 2
9 ‘B (0n)S,
a2 > Cy (unh[onl]): ©)

Sl
gn €[-1,1] Ooiibiamma (7)-HiH OH KaFbIHBIH MUHUMYMBIHA

1
& b erep iz<1; e, =-1 erep —21 (9)

23 28’ 28]

n
HYKTECIHJIE J)KE€TEMI3. &, -HIH OCbl MOHAEpiHAE (7)-1€H IbIFAaThIH
Jlemma 1. n=0,1,2,... yurix
-1
Upyp = Uy +gnB (un)Snl Sn :A(un)_ f, (10)
OpPBIHJAJICHIH A€iMI3, MyHIarbl &, MoHI (9)-1aH aHbBIKTaNaqbl, aj aﬁ - Keneci

TEHCI3/I1K OpPBIHIAJIATBIH/Ial Ke3 KEJITeH CaH:

2
a2 >[5, [B(00)S4] Caunl B2 00)S4). (11)
Onna
\Sn\(l—%} eciu 2—12<1;
1S, < a, a,

n+1

S |a?, ecnm —1 >1.
‘ n‘ n 2 2
a

n
Jlemma 1-meH com jemma HeriziHge KypbUmraH S, Ti3beri HOpMmachl GoiibIHIIA

OIpKaJIBINTHI KEMUTIHAIT] MIbIFaabl. EHemnte (2) mapTTan Kenecidi alaMpl3:

| < Ci(( Sl) < Ci Sol) < 0. (12)
Ocbiaan xoHe (4)-mapTTaH alaThIHBIMBI3:
‘B"l(un) < Cy| So|) < 0. (13)
CoHabIKTaH
~ —, — 2 -
a2 =[S, B un)Sa| Colunh[Bwy)s, )<
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<[B(up) Clun | [BE(wn)SH])<[SalCa o) (14)

OCBI TEHCI3IIKTEH MIBIFATHIH
Jlemma 2. (2)-(4) wmaprrap opbeiHmaiaceiH genik. Uy - (1)-Tterumeynin
OacTankpl JKybIKTaFaH IIENIIMI PETIHAE ajiblHFaH, H-TbIH Ke3 KeJIreH 3JeMEeHTI
OonceiH. OHza aﬁ = ‘Sn‘C4(]u0‘) canzapsl yiiH (11) TeHcizaikTep opbIHana kL.
Erep @’ opmsiaa [Sy|Cyl|Uo|) cammapems tamman amatem Goncax, omma

KapaCThIPpbLIFaH €Kl JICMMaaH aJIaTbIHBIMBI3!

1
S, |- , erep 25,C,(Uy|)>1;
[Snal < ) el
SnC4(]uoD, erep ZSnC4([u0D£1.
benriney enrizeiik:
S, = C,(uo))IS,| (15)
Conna ‘Sn‘ YIIiH ajJbIHFaH OaranapJaH UIbIFAThIHBI:

_ S,|1- 1v , erep §n >0,5;
Sn+l < 4'Sn (16)
§f erep §n <0,5.

(16)-man n>[4Sy]—-1 kesimme S, yiutecimcizairiniyg 0,5-TeH apTHadTBHIHIBIFBI
meiragbl. COHIBIKTAH Sno >0,5 OomateiHIall Ny MakCUMajAbl HAaTypaj CaHbI

YIIIiH KeJeci Oaranay opbIHAaTaIbl:

ng <[4S,]1-1. (17)
Ng-IeH YJIKeH O0onatbiH N yuriH (16)-gaH keneci 6aranayabl alaMbl3:
< < <2 1
Sp1<S2, SZ <50 Mo<n
Ocbinan
S, 4 <SH<2? k=12 18
ng+k S9n, =27, K=12,... (18)

(18) Garamayapl Mmaii1alaHCaK, IIBIFATHIHBI:

un0+k - un0+k1‘ < CSQUO‘)Z

Ocwer  TeHci3mik H Tombik OonraHabikTaH (1)-miH  menriMiHe SKWHAKTAITy

_ok-ki

KBUTIaMJIBIFBIH Oepei.

JXorapbla aabIHFaH HOTHIKEIIEP/ICH IIBIFATHIH

Teopema 1. (2)-(4) maptrap opeiHmainceiH aenik. Oxma (1)-TeHneymiH
menrimMi 6ap 6osaibl.
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Uo- H-TeIH Kke3 kenreH odiemeHTl OoscbiH. Onpa (10)-pexyppeHTTik
dbopmynanap apKbUIbl KYPBUIFaH {un}go yurid (9)-TeHCi3IKTep OpbhIHAAIAaThIHAAN

YKOHE a,f = ‘Sn‘C4, n=0.2,..., 6onareianait C, >0 caHbl TaObLIAIBI.
Keeci TYKbIpbIMIAD OPBIHAATIAIBL:
a) N—>oo Oomranga U, MoHi A(U)—f =0 TeHneyiHiH u memiMiHe

yYMThLIaABI skoHe lim ‘Sn‘ = |lim ‘A(Un) — f‘ =0;
N—o0 N—o0

0) ‘Sn‘ = ‘A(Un) — f‘ =0 caHnbl Hobre GipKaIBINTHI YMTBIIAAB! KOHE N >N,

oonranya (18) 6aranay opbIiHIATAb.
Eckepry 1. TeopeManaH IIBIFATBIH aaTOPUTMJII CaHABIK OPBIHAAY KE3iHJIE

B! (U,)S, MoHIH ecenTey eH KUbIH TYC OOJIybl BIKTUMAI. bipak OHBI OpbIHAaMay
MYMKiH eMec. O 351eMeHTTI Taly

B(un )Un =3, (19)
CBI3BIKTHIK TEHJICYIH IICUTy apKbUIbI Xy3ere acasl. JKone ge v, MoHi B (u 0SS,
MOHIHE TEH 0OJaIbl.

Erep (1) ceBbikchI3 TeHzmeyai h>0 moamikmeH IIEHKiMi3 Kelce, OHja
teopemagan M(h) (19) CBIBBIKTBIK TEHACYJIEPAl MICHIY KA)XETTirl TYbIHIANIBI.
Conbiven katap m(h) =0(In In(1/h)). &, cannapeia Tanmay ‘Sn ‘ ecenTeyiHe XoHe
C,MoHiHe OaiinanbicThl. C, caHblH Oaranay YIIIH B! (u,) HOPMAaCBIHBIH
Koraprbl Oarachl KaxeT. C,YIIIH aKMKaT MOHIE JKaKblH Oaranaynbl TaOy Kei
Karainapaa Kypaeni Oaranaynapisl skacail Oury medepiriria Tanan erei. bipak
OHJa Oaramaynmapabl jkacay OapJIbIK JKarjaijga MyMKiH Oosa  Oepmeri.
Ocputapabl  eckepe OTBIPBIN, 013 TaHIayAbIH Kejecl KapamaibiMaay TypiH
YCBIHAMBI3.

Eckepry 2. Keneci pekyppeHTTIK ¢hopMyIaiapMeH:

1
Upyp =Up +£,B77(Uy)S,
ecenreyai &, € [-11] ke3 kenren monineH Gacraiibik. &, € [-L11] tanmanas xoue

U,,q €cenTeinl nen yirapaislk. Ecenreiimis:
1 L
Uni21 :un+l+§‘9nB (un+1)sn+11

-1
Upi20 =Upyg t gnB (un+1)sn+l’

_ " (20)
Upi2,-1 =Uny — min(1,-2&,)B ™" (Un.1)Sn1-

Benrineynep enriseiik: €,,11 = > Enr Ens10 =Enr Eng1 = Min{l-2¢,}.
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Ecenrreiimiz: oy :‘Sn+2,1(un+2,1)‘v 2d :‘Sn+2,0(un+2,0)‘l a_y :‘Sn+2,—1(un+2,—l)‘ :
ay < ap < a_; 6oncen. Erep oy < a, OHAA &1 PETIHAE &p,q1 -/l ATAMBI3.

Erep ne oy = ag < a4, oHzA &, peTinge Min{e, ,11;€n,1 0} CaHBIH aaMbI3,

Erep ay = oy = a3, oHna &0 =Min{&,115En4101Engy 1} AT YilFapamebIs.

&n-Il OCBUIAM TaHJaraH Ke3nae U, Tizoeri N — oo ke3me A(U) = f TeHumeyiHiH u
HICNIIMIHE )KMHAKTaJaThIHBIH OHAll nonenaeyre 0osaasl )kKoHE A€ N > Ny OosraHaa

KeJieci Oaranaysiap OpbIHIATAIbI:
_on-Np _on-Np
S,|<Cg2 . Juy —u[<Cq -2 ,
myHaarel Cg,Cy, N, - TYpaKTHI CaHIAP.

Eckepry 3. ‘B (0 n)— I§(u 1 )| < Cjp& OOICHIH, MYHIAFBI §(u ) - KaHJai na

. o . -1
Oip oHall ecenTeneTiH omepartop, srHH, B (U,) omeparopibik HOpMameH Cjy&

TOJTIKKE JIeHiH ecenrenei aemn yiurapambi3. CoHIa alaThIHBIMBI3:
~ ~ 2 ~
2 2
Spet] /S + 80|+ Cro? B un)|Su |+ £2[BS, | Clun | |BS)
(2)-(4) maprrap opsiHAaNFaHaa Oy TeHCI3AIK (9)-TeHCI3MIKKe albll Keledi, Oipak
Obacka a,-MeH. Omail Ooica, 1-TeopemMaHBIH HITHXKeECI B! (u,)S, ecentey
KaTeJIriHe KaThICThI OPHBIKTHI.

B(u,) ecemreyiMen canbicThipraHza B(U) OIEpaTOpBIHBIH TyHiHzec
orepaTopbl B*(un) -HBI ecenTey diicKaimaa oHail. H — runbp0epT KeHICTIri gem
ecenTenik xkoHe (2), (3) maprrap MeH KeJleci apT OPBIHIAJICHIH JACTIK:

yo(ul)< BB (u) < 74 (ul) (21)
MYHJAFBl ¥ Qu\), 1=0,1, - ysimiccis oH ¢yHKIMIAP, yl(]u‘) O1pKAJIBITITHI
KeMiMeii, yo(]u‘) - ecnieiiai. Erep (4) opeiapanca, onna temenri (21) Garanay ga
OPBIHAIATBI.

U, - H-tarel ke3 kenreH 3jemeHT OosichkiH, oHbl A(U)=f (1) TeHmeyiHiH
MIeTIMIHIH 0aCTanKpl )KYBIKTAYbI PETIH/IE alailbIK.

AU, +¢v,), €€[-1,0), 6aranailbik, MyHIIa U, PETIHIIE KEJIECiHi alailbIK:

v, =B (un)(A(un)_f):B (un)Sn- (22)
Keneci 6ap exeni 6enrini:

B (u,)s,|

Sl

OCBIHBIH OH JKaFblH & OOMBIHINA KIIIIPENUTE OTHIPHII,
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B (u,)S,

Syl = Alty +£0p)— <[5, L+ 677 + £ clu)




e=min{yt, 2‘8”‘7/0
28BS, (ZQunL

)

OoJsraHja, Keleci TeHCI3IKTIH OpbIHaJaThIHBIH OaiiKaliMbI3:
£
Snal slSal(1-270 |

Comnrbl eki OarasayiaH IIbIFaThIH
Teopema 2. (2), (3) xone (21) maprrap opbslHAANAIBI JeN YiFapaibIK. Ug

B'S,

aerenimiz A(U)— f =0 TenzeyiHiH U 1remriMiHe OacTamKbl JKYBIKTAay OOJICHIH.
PexyppeHTTiK (hopMynanap apKbUIbI KypbUIFaH
Upa =Up +EB*(un)Sn7 Sp=Au,)-f,
A(u) = f TerneyiHiH 1emiMiHe >KMHAKTajdaTeiHAal &£, € (—1,0) caHbl TaOBLIBIM,
KeJeci Oarajay OpbIHAAIA/IbL:
Sy <6",  |u, —ul<Cyps".

Bys1 TeopeMaarel sKMHAKTATY JKBULIAMJIBIFBI 1-TeOpeMaMeH CajIbICThIpFaHa
Hamiapiay, Oipak MYHIAarbl PEKYppPEHTTIK (GopMyralapMeH ecenTey oliaeKaiia
JKEHLL.

ChI3BIKCHI3 IIEKApAJIBIK €CenTep/ll IIENIyre apHalFaH OChI JKYBIKTay OJIICTI
MBICAJT aPKbUIBI TEKCEPIN KOPEIIiK.

C[0,1]-meri [0;1] xecinmicinme Ay=f ecebin mbrapaibik. JKeke karmaiiga
OHBI KeJleCl TypJie KapacTeIpyFa O0oabl:

{y" . y3 — f ’
y(0)=y'@)=0,
MyHaa Y =C0SzX —1 mom memiM Gombint Tabbu1aael. ONEpaToOpIbIK TYPHE €CenTi

KeJleci Typ/e »ka3yra 00JajIbl:

X
Ay =y - [(x-t)y*@)dt.
0
Onna

AY +0) — Ay =v— [ (X~ DI(y + v)* — y*]dt
0
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OOJIFaHIBIKTAH \ <1 Oonrannma kejaeci MyMKiH OOJa b

U‘C[O,l]’ Mc[o,l]

A(y +0) — Ay + 3? (x —t)y2 (t)o(t)dt
0

clo.]

<o +uf2)

v —f(x —t)[(Byv? + v¥)dt
0

X
B(y) v perinae kenecini anambiz: B(y)v = —Sf (x —t)y? (t)o(t)dt.
0

XKorapeina OassHaanFaH ofic OOMBIHINA Y JKyBIKTaJFaH IMIEHIIMIH TabaMbl3.
Ecenrey Toxipubect ofiCTIH KaKChl dKUHAKTHUIBIFBIH KOpPCETTi. Jlemek, Oy of1icTi
KOJIJIaHy MAaTeMaTUKAJIBIK (PU3MKAHBIH KOITEreH eCeNTepiHiH IIemIMIepPIH Te3
KoHE AYyphIC TabyFa MYMKIHJIK Oepei.
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npuOIMKEHHOM METOJIe PEIIeHUs] HEeJTMHEHHBIX KpaeBbix 3aaad. [Ipenpunt Ne2l,
HA PK, Anmatsr, 1997, 34 c.
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HOPMAJIbHO-PET'YJISIPHBIE PEHIEHUSI OJHOM HEOJHOPOJHOM
CUCTEMBI 'YMBEPTA
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L AkTroOMHCKHIT perronanbHbi yausepeuteT nmenn K. )KyGanosa
23ana HOKa3aXCTAHCKUI YHUBEPCUTET MMeHH M.YTeMucoBa
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AnHoTanus. [locTpoeHbl HOPMAIBHO-PETYISIPHBIE PEIICHUS HEOJHOPOJHON CHUCTEMBI
I'ymbGepra (<I)3). N3y4eHbl HEKOTOPBIE CBOWMCTBA U CBSI3b ATOW CHUCTEMBI ¢ cucteMoil ['ymGepra

(@,).
KiawueBble cjoBa: HOPMAJIbHO-PETYJISIPHBIC  PCIICHHA, CUCTEMA, OJHOPOAHAs,
HCOJHOPOAHAs, CBOfICTBa, BBIPOXKACHHASA, COOTHOILICHU.

®yukiuu  ['ymGepra (®,) u  (®,) SBIAKOTCA YACTHBIMU  CIyd4asMU
BBefilcHHOH B.J. XynoXHUKOBBIM HOBOH (yHKuuM OF' MOITy4eHHOH IyTeM

npeaenbHoro mnepexona u3  Gyskuum Jlaypuuemta R [1]. Mexny aStumu
zl,zz],

Oyukiuun ['ymGepra monyudensl w3 (yHkuu Anmens F, U XOpoOUIo

(I)YHKI_[I/ISIMI/I CIIpaBCAJIMBbI COOTHOIICHUA

a (04
. 02| % &
(DZ(al’aZ’y’Zl’ZZ):q)B,Z[ y

(24
Z,, 22}
v

q)s(al;V; Zl’zz)=(D?3’,lz[ '

1)

uccienaoBanbl [2]. OmHako, CyIIECTBOBAHMS HOPMAIbHO-PETYJISIPHOTO PELICHHS
HEOIHOPOIHOM cucTeMbl (@) TpeOyeT HOMOTHUTENBHOrO uccaeqoBanus. C 3Toi

IIEJIBI0, CHAYaJIa yCTAHOBMM HOPMAJIBHO-PETY/IAPHBIE PEIICHUS COOTBETCTBYIOLIEH
OJIHOPOJHOM CHCTEMBI.
Teopema 1. BeIposxieHHas rHIIEpreoMeTpHIecKas CUCTEMA
ZW,, +2,W,, +(y -z, W, —a,w=0,

Z

(@)

MOJIydYeHHasl U3 cucTtemsl (1) myTem mpeaenbHoro nepexoaa UMEIOT TP JIMHEHHO-

Z2szz2 + lezzz2 +(7/_22)sz —C(2W=O

HE3aBHUCUMBIC 4YacTHbIe pemieHus W,(t=123), OZHMM U3 KOTOPBIX  SIBIIAETCS

byHKIMSA

a
W, (z,,2,)= D, (e57:2,,2,) = DY 71 2,2, | (3)

Pemenus w,(t =1,2,3) MOXHO MOCTPOUTHL MeTomoM Dpobenunyca-JIaTneBoit

[3].
Teneppb n0KaxkeM, 4TO cHcTeMa (2) UMEET HOPMAIILHO-PETYJISIPHbIE PEIIECHHS
BHUIA
W(z,,2,) = exp(ayg2, + @y,2,)21 25” Z Aml,mz 2,"2;%, Ay 20 (4)
my,m,=0

TAE Ao, 0g1; Prs Pos Ann(My,m, =012,...) ~HEN3BECTHBIE IOCTOSHHBIE.

Teopema 2. BcnoMorarenbHasi cuctema
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zU ny T z,U nz, T {ZalOZl tayz, +(y - 21)}U z T a;02,U z, T

Z

2
{(0‘10 —Qy )Zl T Qg1 Z; + gy _ﬂ}U =0, 5)
zU,, +2U,, +auzU, + {2202, + a2, +7U, +

Z
2
{0‘0122 T Qg 2y F Ay ) _1}U =0,

MOJIYYEHHAs] U3 CUCTEMBI (2) € MOMOILBIO TPE0Opa30BaHUS

z

W(z,,2,) = exp(ay,z, +ay,z,)U(2,,2,), (6)
IPH BHIIOJIHEHUH YCIIOBHS
al,—a, =00, =0 @)
u
fio (P 02) = pu(py =1+ p, +7) =0, @®)

fo(,é) (01, 0,) = py(p, =1+ p, +7)=0

UMEIOT OJIHO HOPMAJIbHO-PETYJIIPHOE PeLIeHUE
2

- 1- - 1- z
w(z ,zz)zezl(l—ﬂZﬁizz—uzl,zz+(y a )y + al)zf+ 2 +..(9
y y o r(r+) 2y(y +1) 2y(y +1)
Joka3zaTeabcTBO. B npeobpazoBanuu (6) HEU3BECTHBIE MOCTOSAHHBI, a,, U

a, OIpeneysitorcss u3 paBeHCTBa (7). DOTO TMO3BOJSET YCTAaHOBUTH BHJ
ONPENENSIONIEr0 MHOKHUTENS  exp(a,z, +ay,2,). CHCTeMa XapaKTepHUCTHYECKHX

ypaBHeHUM (7) ©MeeT JIBe Mmapbl KOPHEH:
I. (a, =0,y =0). [Ipu 3TUX 3HaUEHUSX U3 BCTIOMOTATEIbHOU CUCTEMBI (5)

MOJIydaeM HUCXOJHOMY CHUCTEMY (2), OJHMM U3 pEIIEHUH KOTOPOU sBIsETCA

bynakmms (3).
1. Ilpu (o, =1, a,, = 0) moNTy4aeTcs mpucoeauHeHHas cucrema [4]:
ZlU 37, + ZZU 212, + (Zl + 7/)U 7 + ZZU Z, + (7/ - al)U = O’
ZZU 2,2, + Z1U 3z, + (Zl + 7)U 7, -U =0,
KOTOpasi UMEET EIMHCTBEHHOE HOPMAJIbLHO-PETYIIPHOE PEIICHUE
W(Zm 22): e"U (21’ 22): ezl[l_ﬂzl +122 _M 12,
Y Y y(r+1) (10)

(r—a))(y +1-ay) 22 4
2ly(y +1) o 2Ay(r+1)

Pemenne mocrpoum Metosiom dpobennyca-JlareieBoi, kak B padote [4].
Teneps goKa)xeM, 4TO MpaBas YaCTb HOPMAJIbHO-pEryigpHoro pemenus (10)

22+.]=e®,(y —a, +Ly:-2,,2, - )

cornamaer ¢ pynkuuent ['ymbepra-Xymnoxuukona (3).

Teopema 3. lIMeeT MECTO COOTHOIICHUS
o z 7 y—a 1 y+l-«a
q)3(a1’7’zl’zz):W(Zl’ZZ):e U(Zl’ZZ):e [1_—121"'_22 -
4 4 y(y+1)

12, +

(11)

+ (7‘“1)(7+1_al)i+ 1 §+]
y(y+1) 2 y(y+1 2
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Joka3areabcTBO. [l goka3arenbcTBa packpoeM mpaByro yacte (11),

Z
OYTeM pAa3IOKCHUSA €% g pgn. Torma, MOCAE YMHOXEHHS PSJIOB M IIOCIE
HEOOJBIINX MPEOOPa30BAHUMN MOTYIUM

_ _ _ _ 2 2
ezl[l_uzﬁl rtleay o (ma)(rl a1>2_1+;2_z+_,1=

y y oy T y(y +1) 20 y(y+1) 2
gy w, o d ) rmen 12, yrl-a 7, (ma)y+l-a) |
n 2 n! y 1y y(y+1) 1 y(y +1) 2!

— 1+ﬂi+lz_z+Mi+ al ZlZZ + 1 ﬁ+
y Uy 2 y(y+1) 28 y(y+1) 1 y(y+1) 2

a
Z,, 22],
v

=0 (al’y1zllz ) (D%,lz( '

TO €CTh coBnagaet ¢ pynkuueii ['ymoepra-Xynoxxkaukona (3).
AHaJIOTUYHO JTOKA3bIBACTCS YTBEPKICHHUE.
Teopema 4. lIMeeT MeCTO COOTHOILICHUS
e D, (e;7:2,,2,) = {1— Y%, A Z, _rtlze 2,2, + (r=a)y+1-a) 2 + } (12)
y Y y(y+1) y(y+1) 2!
Crnenyer OTMETUTb, UTO MpPEACNIbHBIE MEPEXO0JIbl OCYIIECTBISIOTCS IO Pa3HOMY.

Hampumep, cnegyromire npeaenbHble Mepexoabl

m n

Ly e =S %2 4 %
IZLTF(e g rme ZzJ_mZn;o(%men)(l'm)(l’n

m n

1 1 2 L, Ny M 7y 7
IZLTF(g’al’g’%g Z,,& sz—mznzlo(%m+n)(1,m)(l,n

MOKA3bIBAIOT CBS3b 9TOM QyHKIMHU ¢ GyHKIMEH Anmens F,.

)=CI)3(052,7;21,22),

)=CD3(0(1,;/; Zlvzz)

CooTHOIIIEHNE

(Ds(al’y; Zlizz)zg(;?nl—j(i]?n) (7+m Z, gm(; a1!y+nlzl)zgn (13)

TOKa3bIBAET, 4To U3 GyHKIMA @, (e, 7;2,,2,) MOKHO BBLAETUTH GyHKIUK j(y +m,2)
v G(a,,7+n,2,), TO €CTh BBIPOXKACHHYIO (YHKIUIO TPHUBOJAALIEECH K (yHKIUAM
beccens u Kymmepa.

Crnenyroriee COOTHOIICHUE

Lim® (al,%;%zl,g-sz=q)3(051a7;21122) (14)

>0

YCTaHABIMBAET CBA3b MexAy pyHkmusmu ['ymGepra ®,u ®,. DTH COOTHOMIECHUS
OyaqyT WCIMONB30BAaHBI HAMH TPU OOOOIIEHWH OTIETHHBIX CBOWCTB (YHKIIMH
Cymbepra @,(ey,7;2,,2,).

Hopmanvno-pezynapuvie pewienus neoonopoonoii cucmemot (0,)
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bynem 3aHMMaTbCAd NOCTPOCHUEM HOPMAIBHO- PETYJSPHBIX PELICHUU
HEOJHOPOJAHOM CUCTEMBI

ZiWog +Z2,W, +(7_ Z )Wz1 —oyW= 1:1(21’ Zz)’
Z,Wy,, T Z1Woy, +(7_ Zz)Wz2 —opW= f2(21' Z, )

B omimmume ot cucrembl @, KOTOpas COCTOUT U3 JABYX YPAaBHEHHH C

(15)

napamerpoM (o), B cucteMe @, IEpBOE ypaBHEHHE OTHOCHTCS K CHCTEME C

nmapaMeTpoM, a BTOPOE ypaBHEHHE K cucTeMme 0Oe3 mapamerpa, MOJyYeHHbIC W3
CHUCTEMBI C MapaMETpOM IyTEM IMPEAeIbHOTO mnepexona. IMeHHO, MPUCYTCTBUE
BTOPOT0 ypaBHEHUsI 0e3 MapaMmerpa oOecreyrMBaeT BbIJEICHHUE B COOTHOIICHUU
(13) Boiposkaennsie GyHKImu j(y +m,z)u Gloy, 7 +n,2,).
Teopema S. BelpoxaeHHas rurnepreoMerpudeckas cucremMa l'opHe @,
HEOJHOPOJHOU IIPAaBOU YaCThIO
fi(z,,2,) = aé(l)) exp(apz; + amzz)zlpl_lzgzi (16)
f,(2,2,) = af()cz)) exp(aoZ; + agiZ,) 2z 25271
IpU BBITIOJIHEHUH JBYX HEOOXoauMmbiX ycioBuid (7) u (8) UMEIOT 4YacTHBIC
pEllIeHUs B BUJI€ HOPMAJIbHO-PETYJISIPHBIX PSIOB:

1)' WP1:P2 (Zl’ ZZ) = le12§’2 Z (pl l)ml (p2 2)m2
mim=0 (P ma (1 +7 =D s (P2) s (P2 + 7 =D,

g, (1)

npu (e, =0, =0);
W, (2,2,) =exp(z)20 25
2. & (D)™™ +a)n (Pt oty =)y, - (18)
et (P ms P+ Y Dt (P (P2 47 —Dpa + 2

npu (e, =L ay =0).

Heussectupie  kodbduimentsl o) (t=12) B mnpaBoil yactu (16)

BBIOMPAIOTCS B 3aBUCUMOCTH OT 3HAYCHHS KOPHEH CHCTEMBI XapaKTePUCTHUSCKUX
ypaBHeHHI. OHU 00ECMeYnMBaIOT COBMECTHOCTh HAXOXKACHHS KOd(DPUIUECHTOB
psAn0B yacTHbIX pemenuid (17) u (18).
[IpeoGpazoBanue (6) TO3BOISET OMNpPENETUTh JABE TMaphl KopHei: I.
(o =0,000,=0) m II. (a)y =Ly, =0) CHCTEMBI XapPAKTEPUCTUUECKMX ypPABHEHUIA
(7). Coxpamenne Ha  exp(a, z, + y,2,)# 0, IO3BONSAIOT  TOJAYYUTH  JIBE
BCIIOMOT'aTENbHBIE CHCTEMBI 0€3 ONpeIENIIOMIEro MHOKHUTENS exp(a,z, + a2, ).
1. Tak, npu L. (a,, =0, =0) HOTy4UM HEOAHOPOAHYIO CUCTEMY
ZW,, +2,W,, +(y—2,)W, —a,W=a{z"2}?, (19)
Z,W,, +Z,W,, + MW, —W= aPzrzp,
Kak u B pabote [4] pemrenue (19) uriem B Buie IEpeMEHHBIX
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U 2,) =220 S AL 22, Ay £0 (20)

my =0
rae A4t =12), A, ,, (m,m, =012,..) - HCU3BECTHBIC IIOCTOSTHHBIC, KOTOpBIC
ONPEAEISAIOTCA U3 CUCTEMBI PEKYPPEHTHBIX TTOCIEA0BATEIBHOCTEN

Ao fld (A, Ay) =l Ay #0,t =12

Ao Tod (A +1.2) + Ao 19 (A1, 4,) = 3,

Pos Top (A Ay + 1)+ Ao T (A1, 4,) = e,

A foo (A +1 2, + 1)+ A T (A +1.2,) + Ay .9 (B, A, + ) + Ao 19 (4, 4) =), (21)

Poo o (U +2,2,) + A 10 (4 +1.4,) + Ago 1,3 (4, 4,) = ey,

noxy4ennoe u3 (15) ¢ mpaBoii gacThio (16) myTeM MOJACTAaHOBKH BMECTO W = Z,22} .
Hanee, paccyxnas kak B [4] HauampHBI KOdpduIMeHT 4,, psama (20)

OIIpEIECIINM B BUJIE
1

(4 =1+7)4, (A, =1+7) .

YuuteiBag 1O, 4t0 A4 -l=p -1 4, -1=p,-1, 10 ecTb 4 =p, 4 =p,,

(22)

Ao,o =

MOCJICIOBATENIbHO  OMNpEeTUM  HEU3BECTHBIE A, (M, m, =012,...) 4aCTHOE
pelleHre HeOJHOPOAHOM cucTteMsl (19) Haxonaum B BUAE
224" (P + )7, (0, + @)1,
Lo (o, =1+ )] (o2 (0 =1+ )] (o +D(pr+7) (s +D(p, +7)
(pl +a1)(p2 +a‘2)2221 + (p1+a1)(p1+1+a1) Zl2 +)= (23)
(pl +1)(p2 +1)(,02 + 7)(/71 +7) (pl +1)(,01 + 2)(p1 + 7)(/)1 +1+7)

U(z,,z2,)= ]{1+

_ Zﬂlzpz Zw: (pl +al)m1 (,02 +al2)mz Zm1zm2
P my,m, =0 (pl)mlJrl(pl+7/_1)m1+1(p2)m2+1(p2 +7_1)m2+1 b

IIpn o, =0 u «, =0, To U3 (6) MoONyYUM paBeHCTBO W(z,,Z,)=U(z,,z,) TO €CThb
1
noyyuM peuienue (23).
2. IIpn II. (e =0,0p, =0) ©3 BCIIOMOraTeIbHOW CHCTEMBI MOCIIE

COKpalleHUs Ha exp(z,) HaXOAUM IPUCOECIUHEHHYIO CUCTEMY

z,U ny T z,U 2z, T (z, + YU n T z,U 2, T (r—ey)U = fl(l)(Zv z,), (24)
ZZU 257, + Z].U 2125 + (7/+ Zl - ZZ)U Z, _a'ZU = f2(2) (Zl’ 22)’
rac
fO(7 Z,)= a(l)zplzﬂz,
1 (1 2) 0,041 42 (25)

@ R ) ey
f, (21’22)—050,0211222-
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Kak u B npenpiaymnieM ciiydae 4aCTHOE PEUICHHE HEOJHOPOIHON CHUCTEMBI
(24) ymiem B Bujie 0000IIEHHOTO CTENEHHOTO psiAa (20) U HaX0uM B BUE

PRI D)™™ (o +p, +y al)ml (1)m2
U(Zl’zz)zzl Z Z 1
my,m, =0 (pl)m1+1(p1 t+y _1)m1+l(p2)m2+1(p2 +7 _l)m2+l

my 5 My
2

[loncraBnds monydeHHoe pemieHue B (6) OKOHYATEIBbHO HAXOJUM HOpMaibHOE-
PETYJSIPHOE PELIEHNE HEOJHOPOJHOE CUCTEMBI

wW(z,,2,) = exp(z,)z; 25" i D™ (it oty =)y O,
o o s M, =0 (pl)m1+1(pl+7/_1)m1+1(p2)m2+1(p2+7_1)m2+1

m, 5 m;
Z1 Z2 .
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WEAK LEIBNIZ ALGEBRAS AND TRANSPOSED POISSON ALGEBRAS

Dzhumadil’daev A.S.

Kazakh-British Technical University, Almaty, Kazakhstan
dzhuma@hotmail.com

A weak Leibniz algebra is defined by the following polynomial identities
[a, b]c = 2a(bc) — 2b(ac), alb,c] = 2(ab)c — 2(ac)b.

Example. Any two-sided Leibniz algebra is weak Leibniz. In particular, any
Lie algebra is weak Leibniz.

Example. Let €; € K, fori € I, and A, is an algebra with base e;, i € Z, and
multiplication

eiej = (1 — j)ejtj + User €sCitjrs:

Then the algebra A, is non-Lie simple weak Leibniz algebra. Note that any
simple Leibniz algebra is Lie.

An algebra with two binary operations (A,°,*) is called transposed Poisson
(see [1]), if (A,°) is Lie, (A,*) is associative commutative and associative part acts
on Lie part as 1/2-derivation,

2ac(bec)=(a*b)ectbe(acc), Vab,ceA.

Theorem 1. (p # 2) If A is weak Leibniz, then the algebra (A,c,*) is
transposed Poisson, where a - b =ab — ba, a « b = ab + ba. Conversely, if (A,°,*) is
transposed Poisson, then the algebra A with multiplication ab = 1/2(a°b + bea) is
weak Leibniz.

An algebra (A,-,*) is called Novikov-Poisson, if

l. (A,-) is (left) Novikov, for any a, b, c € A,

(a-b—-b-a)-c=a-(b-c)-b-(a-c), (@a-b)-c=(a-c)-b,
Il. (A,*) is associative commutative, such that for any a, b, ¢ € A,
a*(b-c)=(a*b)-c, a-(bec)=(a-b)ectbe(a-c),
Proposition. Let A = (A,-,*) be Novikov-Poisson algebra. Then for any

u,veA the algebra A, v = (A,°u,*), Where
acy,v=uc*(ab—ba), asyb=ve(aehb),
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Is transposed Posson and the algebra A,y under multiplication ab = 1/2(a°, b + a
*, b) is weak Leibniz.

A weak Leibniz algebra (A,-) is called special, if there exists transposed
Poisson algebra B, constructed by Novikov-Poisson algebra B for some u, v € B,
such that A is a subalgebra of By..

Let us construct a non-associative non-commutative polynomial of degree 5

by

h(ty, t2, ts, ta, ts) =
() t)ta)ts — (((tstr)ta)t2)ta — (((tst2)ta)ta)tat
((t)t)t)ts + (((tsta)tr)t2)ts — (((tsla) o))t~
2(((tsta)ta)t2)ts + 2(((tsto)ta)ta)tz + 2(((tst2)ta)te)ts—
2(((tsto)ta)ta)ts — 2(((tsta)ta)te)tz + 2(((tsta)ta)to)ty.

The polynomial h(ty, ta, t3, ta, ts) is skew-symmetric under variables t;, to, ts.

Theorem 2. The identity h = 0 is an exceptional weak Leibniz identity, i.e.,
it holds for special weak Leibniz algebras, but not for all weak Leibniz algebras.

In particular h=0 is identity for the algebra A.. Any simple Lie algebra
except sl, and Witt algebra W, is exceptional. It will be interesting to construct
non-Lie simple exceptional weak Leibniz algebra (if exists).

A notion of transposed Poisson algebras can be easily generalized for n-ary
case (see [2]). Itis an algebra (A,m,*) with n-ary operation o and binary operation
», such that (A,®) is n-Lie, (A,*) is associative commutative and for any ao, a, ...,

an € A,

~

naO ° (D(all LR an) :Z{lzl(_l)i_l 0)(3-0 * aj, all reg ai1 LR an)

Construction details of n-Lie algebras considered below see [3],[4].
Theorem 3. Let A be W -type (n + 1)-Lie algebras defined on A = K[x4, ...,

Xn+1] by

a1 d2 dn+1
dia;  04(az) .. 01(ans1)
d,a;  03(az) .. 0z(ap4q)
w(ay,...ap4q ) = det : :
anal an(az) an(an+1)/

Then (A,o,) is transposed (n + 1)-Poisson.
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Theorem 4. Let p = 3 and A = K[x] with 4-wronskian
di dz as dy
d(a;) d(ap) d(az) d(ay)
w(ag,ap,a3,a, ) = det 92(a,) 0%(a,) 0%(a;) 0%(ay) |
0%(a;) 9%(ay) a3(33) 0°(ay)

Then (A,m,-) Is transposed 4-Poisson.

Let W, be wronskian, defined on differentiable functions g; =
81(%), ..., 8n = 8n(X) DY
81 g2 8n
g1 g2 gn
W,(gy, ..., 8y ) = det| ' '
_ggn—l) ggn—l) g;n—l)_

Then for any functions f = f (x), g, = g,(x), ..., g, = gn(x) the following
identity holds

nfwn(glr ---rgn) =
W, (fg1, 82, -+, 8n) + Wi (81,182, ., 8n) + - + Wy (81, 82, -, f8n).

Theorem 5. Let L = K[x] with n-Wronskian

ag dy a,
d(a;) 0d@,) .. d(ay)
w(aq,a,,...a, ) = det : - i
0" (@) 9" '(ap) v 0"y

Then (L,o) is homotopy n-Lie and (L,w,-) is homotopy transposed n-Poisson.
Theorem 6. Let 3-product in L = K[X] is given by

a, a, as
w(a,ay,az) ::det[ d(a;) d(ay) 9(as)
65(a1) a5(32) 55(33)
dp dy asz
Zdet[az(a1) 0%(ay) 0%(az)
64(a1) 34(32) 54(33)
dp dy as
det[az(a1) 0%(ay) 62(33)]
93(a;) 03(ay) 03%(a3)
92

+

+




Then (L,®) is homotopy 3-Lie. If p = 3, then (L,®,-) is homotopy transposed
3-Poisson.
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