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DESIGNATIONS AND ABBREVIATIONS

SICNNs  — Shunting inhibitory cellular neural networks
HNNs — Hopfield type neural networks

CGNNs  — Cohen-Grossberg type neural networks
INNSs — inertial neural networks

BAM — bidirectional associative memory



INTRODUCTION

The thesis researches. The thesis is devoted to the study of the unpredictable
solutions of differential equations and unpredictable oscillations of neural networks.

Actuality of the thesis. The actuality of the thesis is due to the numerous
applications of differential equations in solving problems of natural science and the
widespread use of neural networks in the modern world. The thesis is based on the
concepts of unpredictable functions, which were introduced by M. Akhmet and
M.O. Fen [1-4]. We proved the existence of unpredictable solutions of differential
equations, and unpredictable oscillations of neural networks.

The main results of the thesis have been published in peer reviewed journals,
which confirms the actuality of the research.

Preliminaries. Oscillations are necessary attribute of various processes
occurring in nature [5-12]. Of exceptional theoretical and practical importance are the
oscillatory motions described by differential equations. In the literature a large
number of results have been obtained for periodic, quasiperiodic, and almost periodic
solutions of differential equations due to the established mathematical methods and
important applications [13-17]. On the other hand, recurrent and Poisson stable
solutions are also crucial for the theory of differential equations [18-24].

The founders of the theory of non-linear oscillations are H. Poincare [25, 26]
and A.M. Lyapunov [27], who created a mathematical apparatus suitable for the
study of nonlinear systems. The theory of non-linear dynamics focused mainly on
periodic motions. The first functions which can be considered still as “periodic” and
sufficiently determined for strict mathematical analysis were quasiperiodic functions
introduced and investigated by P. Bohl [28, 29] and E. Esclangon [30] independently.
The fundamental papers of H. Bohr [31-33] provided the theory of almost periodic
functions, which we call as H. Bohr almost periodic functions nowadays. Then
different approaches to almost periodicity were found by N.N. Bogolyubov [34],
A.S. Besicovitch [35], S. Bochner [36], V.V. Stepanov [37], and others. The almost
periodic functions are of great importance for development of harmonic analysis on
groups, Fourier series and integrals on groups. The paper [38] published by
S. Bochner provided extension of the theory of almost periodic functions with values
in a Banach space. The first paper on the existence of almost periodic solutions was
written by H. Bohr and O. Neugebauer [39], and nowadays the theory of almost
periodic equations has been developed in connection with problems of differential
equations, stability theory, and dynamical systems. The list of the applications of the
theory has been essentially extended and includes not only ordinary differential
equations and classical dynamical systems, but also wide classes of partial
differential equations and equations in Banach spaces [40]. The concepts of recurrent
motions and Poisson stable points are classical notions central to the qualitative
theory of motions for dynamical systems. Poisson stable points was considered by H.
Poincare as the main element in the description of complexity in celestial dynamics.

The foundation of the research of non-linear oscillations in Kazakhstan were
laid by V.H. Kharasakhal [41] and O.A. Zhautykov [42, 43]. D.U. Umbetzhanov and
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his colleagues, intensively investigated almost periodic and multi-periodic solutions
for differential and evolution systems [44-49]. Nowadays, Kazakhstan
mathematicians continue to make significant contribution to the analysis of
oscillations [50-53].

In recent decades, researchers have focused on studying oscillations in neural
networks. Neural networks were created to study brain activity. There are many
models of neural networks, which mathematically described by recurrent and
differential equations. For example, Hopfield type neural networks, shunting
inhibitory cellular neural networks, Cohen-Grossberg neural networks, inertial neural
networks are investigated.

Oscillatory neural networks are effective for image recognition [54], and in
activating network states associated with memory recall [55]. It is natural that neural
oscillations became the core of interdisciplinary research that unites neuroscience,
psychophysics, biophysics, cognitive psychology, and computational modeling
[56-65].

This is why, many researchers are studying periodic, almost periodic, and
exponential stability for neural networks considering the input-output mechanism
[66-71].

Recently, study of chaotic oscillations in neural networks starts to be of
significant interest [72-75]. Solutions of the chaotic systems are irregular, and this is
reflected by data related to experiments and observations [76-81].

A few years ago, M. Akhmet and M.O. Fen introduced the concepts of
unpredictable points and unpredictable functions and thereby significantly expanded
the boundaries of the classical theory of dynamical systems, founded by H. Poincare
and G. Birkhoff [82]. An unpredictable point is a modernization of the Poisson stable
point. In paper, it was proved that the quasi-minimal set is chaotic set, if the Poisson
stable point also admit the unpredictability property. Thus, the presence of chaos in a
dynamic system is determined by the presence of only one point - unpredictable.
Unpredictable functions were defined as unpredictable points in the Bebutov
dynamical system with the only difference that the topology of convergence on
compact sets of the real axis is used instead of the metric space. The use of such
convergence makes it possible to significantly simplify the problem of proving the
existence of unpredictable solutions for differential equations. And one can
completely remain in the field of the theory of differential equations without
mentioning the original or related results in the theory of dynamical systems or chaos.

The unpredictable points are used by A. Miller [83], R. Thakur and R. Das [84]
in topological spaces where they considered Poincare chaos, strongly Ruelle-Takens
chaos, and strongly Auslander-York chaos.

The goal of this study. The goal of the thesis is to use the method and
theoretical basis laid down in the articles by M. Akhmet and M.O. Fen, to prove that
linear and quasilinear differential equations admit unpredictable solutions. Moreover,
research the existence of unpredictable oscillations for SICNNs and INNSs.

The research problems. The main tasks of the study are as follows:



a) the existence and uniqueness of stable unpredictable solutions for linear and
quasilinear ordinary differential equations;

b) the existence, uniqueness and asymptotic stability of unpredictable and
strongly unpredictable oscillations in neural networks;

c) examples and numerical simulations confirming the validity of the
theoretical results.

The objective of the research. The main objective is the unpredictable
oscillations of differential equations and neural networks.

The subject of the study. The subject of the research is the existence and
uniqueness of asymptotically stable unpredictable and strongly unpredictable
solutions of differential equations and neural networks.

The scientific novelties. The novelties of the thesis are as follows:

a) the existence and uniqueness of asymptotically stable unpredictable and
strongly unpredictable solutions of differential equations;

c) the existence of asymptotically stable unpredictable and strongly
unpredictable oscillations of the neural networks;

d) examples and numerical simulations confirming the feasibility of the
theoretical results.

The results of the thesis which are taken out on defense:

— the theorem on the existence and uniqueness of uniformly asymptotically
stable unpredictable solutions of ordinary linear differential equations;

— the theorem on the existence and uniqueness of uniformly exponentially
stable unpredictable solutions of ordinary quasilinear differential equations;

— the theorem on the existence of uniformly exponentially stable unpredictable
solutions of SICNNSs;

— the theorem on the existence and uniqueness of asymptotically stable
strongly unpredictable unpredictable solutions of SICNNSs;

— the theorem on the existence and uniqueness of asymptotically stable
unpredictable solutions of INNS;

— the ways to construction unpredictable functions.

The reliability and validity. In the thesis, methods and results of the theory of
functional analysis, algebra and differential equations are widely used.

The theoretical and practical significance of the results. The scientific
significance of the research lies in the fact that the results will become the basis for
the study of unpredictable oscillations for different types of differential equations,
such as, impulsive differential equations, partial differential equations and others. The
control of unpredictable oscillations will allow them to be used in medicine, biology,
cryptography and many other fields.

The relation of thesis to other research. The thesis was carried out as part of
the grant research project of the Ministry of Education and Science of the Republic of
Kazakhstan on fundamental investigations in the field of natural sciences «Cellular
neural networks with continuous/discrete time and singular perturbations» (No. AP
05132573, 2018-2020).



The personal contribution of the author. All the results of the thesis are
obtained by the author. The participation of co-authors and scientific consultants
consists in setting goals and discussing the results.

Approbation of the received results. The main results of the thesis were
reported and discussed at the following events:

— VI International Scientific Conference «Problems of Differential Equations,
Analysis and Algebra» (Aktobe, Kazakhstan, November 1, 2018);,

— V International Research Symposium on the Turkic World (Almaty,
Kazakhstan, October 11-13, 2018);

— IV International Scientific and Practical Conference "Computer Science and
Applied Mathematics™ (Almaty, Kazakhstan, September 25-28, 2019);

— 11th International Conference on Information Management and Engineering
(ICIME 2019) (London, UK, September 16-18, 2019).

Publications. On the topic of the dissertation, 11 articles were published,
including 5 publication in a ranking scientific journal indexed in the Scopus database,
2 publications in scientific journals included in the list recommended by the
Committee for Control in the Sphere of Education and Science (formerly CCSES) of
the Ministry of Education and Science of the Republic of Kazakhstan for publication
of the main scientific results of scientific activities, 4 publications in the materials of
the international conferences, including 1 publication in the materials of a foreign
conference indexed in the database Scopus.

Structure and thesis volume. The thesis consists of introduction, 2 chapters,
conclusion and list of references from 112 publications. The numbering of formulas,
theorems and definitions is three-digit: the first number means the number of the
chapter, the second is the number of the section, the third is the own number of the
formula, theorem, definition inside the section. The thesis is set out on 77 pages.

Summary of work.

The chapter 1 devoted to unpredictable solutions of differential equations. In
the first section the basic definitions of unpredictable functions are presented.

Definition 0.1. [4, p. 658] A uniformly continuous and bounded function
J:R = RP is unpredictable if there exist positive numbers &, 6 and sequences
{t,.}, {u,,} both of which diverge to infinity such that ||9(t + t,,) — 9(t)|| — 0 as
n — oo uniformly on compact subsets of R and |[9(t + t,,) —I9(t)|| = &, for each
t €lu,—6u,+d6landn € N.

The convergence of the sequence 9(t + t;,) is said to be Poisson stability of
the unpredictable function or simply Poisson stability as well as existence of the
numbers &,,6 and the sequence u, is allow the unpredictable property of the
unpredictable function.

The Definition 0.1 implies that some coordinates may not be unpredictable
scalar valued functions. That is why, it is of great importance for applications to
consider motions which are unpredictable in all state dimensions, that is strongly
unpredictable functions.

Definition 0.2. A uniformly continuous and bounded function v: R —» RP,
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v = (V1,y,...,Vp), is strongly unpredictable if there exist positive numbers &, § and
sequences {t,}, {u,}, both of which diverge to infinity such that v(t + t,,) = v(t) as
n — oo uniformly on compact sets of R and |v;(t + t,,) — v;(t)| = &, for all
i=12...,p,t€fu, —6,u, +6],andn € N.

The properties of unpredictable functions are given. The example of the
unpredictable function is constructed.

In the second section proved the existence of uniformly asymptotically stable
unpredictable solution of linear differential equations:

x'(t) = Ax(t) + g(b), (0.1)

where x € RP and g: R — RP is an unpredictable function. All eigenvalues of the
constant matrix A € RP*P have nonzero real parts.

The main object of the third section is the system of quasilinear differential
equations:

x'(t) = Ax(t) + f(x(®) + g(2), (0.2)

where x(t) € RP, p is a fixed natural number, the function f: RP — RP is continuous
in all of its arguments, and all eigenvalues of the constant matrix A € RP*P have
nonzero real parts. Moreover, the function g: R — RP is unpredictable.

It is known that one can find a regular px p matrix B such that the
transformation x = By reduces the system (0.2) to the system:

y'(@) = Cy(®) + F(y) + G, (0.3)

where C = B~'AB,F(y) = B~1f(By), and G(t) = B 1g(t). In system (0.3), the
matrix C is of the form diag(C_, C,), where the eigenvalues of the g X g matrix C_
and (p — q) X (p — q) matrix C, respectively have negative and positive real parts.

One can confirm that there exist numbers K >1 and a > 0 such that
||e€-t|| < Ke* forall t > 0 and ||e‘+t|| < Ke* forall ¢t < 0.

The following conditions are required.

(C1) There exists a positive number Ly such that ||f(x1) — f(x2)|| <

< L¢||x; — x| forall x;,x, € RP.
2 -
(€2) ZK(|IBIIB™|Ls + 1) < 1;

Theorem 0.1. Suppose that conditions (C1), (C2) are valid, then system (0.2)
possesses a unique unpredictable solution. Moreover, the unpredictable solution is
uniformly exponentially stable if all eigenvalues of the matrix A have negative real
parts.

In the fourth section we extend Definition 0.1 to the class of functions with
several independent variables. The following new definitions will be of use.
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Definition 0.3. A continuous and bounded function f(t,x): RX G - RP, f =
= (fu, f2»---, fp), G < RP is a bounded domain, is unpredictable in ¢ if it is uniformly
continuous in t and there exist positive numbers &,, § and sequences {t, }, {u,}, both
of which diverge to infinity such that sup ||f(t +t,, x) — f(t,x)|]| > 0asn - o

G

uniformly on compact sets in Rand [|f(t + t,, x) — f(t, x)|| = &, for
telu,—6,u,+6,xeGandneN.

Definition 0.4. A continuous and bounded function f(t,x): R X G - RP, f =
= (f1, f2 - f»), G € RP is a bounded domain, is strongly unpredictable in ¢ if it is
uniformly continuous in t and there exist positive numbers ¢,, § and sequences {t,,},
{u,} both of which diverge to infinity such that sup||f(t + t,,x) — f(t,x)|| = 0

G

asn — oo uniformly on compact sets in R and |f;(t + t,,, x) — f;(t,x)| = &, for all
i=12...,p,(t,x) € [u, —6,u, + 6] X G,andn € N.
The following system of differential equations is considered:

x'(t) = Ax(t) + f(¢, %), (0.4)

where t € R,x € RP, p is a fixed natural number, all eigenvalues of the constant
matrix A € RP*? have negative real parts, f: R X G > RP, f = (fi, far -, ), G =
= {x € R?,||x|| < H}, where H is a positive number. It is true that there exist two
real numbers K > 1 and y < 0 such that ||e4t|| < KeY* forall ¢ > 0.

One can see that the main difference between system (0.2) and system (0.4) is
that the perturbation in the former one is less general than that of the latter one.

The following conditions will be needed:

(C1) the function f(t, x) is strongly unpredictable in the sense of Definition
0.4.

The Definition 0.4 implies that there exists a positive number M such that

sup [[f (¢, )| = M < oo;
RXG

(C2) there exists a positive constant L such that the function f(t, x) satisfies
the inequality ||f(t,x1) — f(t, x2)|| < L||x; — x,|| forall t € R, x4, x, € G,

KM
(C3) Yy < 5
(C4)y < —KL.

Theorem 0.4. If conditions (C1) — (C4) are fulfilled, then the system (0.4)
admits a unique uniformly exponentially stable strongly unpredictable solution.

Moreover, it is proved that if the function f(t, x) is unpredictable in the sense
of Definition 0.3, then the system (0.4) admits a unique uniformly exponentially
stable unpredictable solution.

The theoretical results confirmed by examples and graphical illustrations.
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In the second chapter we discuss about unpredictable oscillations in neural
networks.

In the first section SICNNs are considered, which have been introduced by
A. Bouzerdoum and R. Pinter. In its original formulation [85], the SICNNs model is a
two-dimensional grid of processing cells. Let C;; denote the cell at the (i, j) position
of the lattice. Denote by N,.(ij) the r — neighborhood C;;, such that:
N.(ij) = {Cyp:max(|k —i|,|[p—j]) = 1<k <m1<p<nj}

where m and n are fixed natural numbers. In SICNNS, neighboring cells exert mutual
inhibitory interactions of the shunting type. The dynamics of the cell C;; is described
by the following nonlinear ordinary differential equation:

dx;;
;t] = —Q;jX;; — z Cil;pf(xkp(t))xij(t) + v (2), (0.5)

Ckp ENT(iJ')

where x;; is activity of the cell ¢;
of the cell activity;

Cl.';.p > 0 is the connection or coupling strength of postsynaptic activity of the
cell Gy, transmitted to the cell C;; and the activation f(x,) is a positive continuous
function representing the output or firing rate of the cell Cy,, v;;(t) is the external
input to the cell Cj;.

Let us denote by A the set of functions u(t) = (Uyq, o) Ugpy oo U we» Unn )
t,u;; ERi=12,...,m,j=12,...,n,where m,n € N, such that:

(A1) functions u(t) are uniformly continuous and there exists a positive number H
such that ||u||; < H for all u(t) € A;

(«A2) there exists a sequence t,, t, — o as p — oo such that for each u(t) € A
the sequence u(t + t,) uniformly converges to u(t) on each closed and bounded
interval of the real axis.

The following assumptions will be needed

(C1) the function v(t) = (V11, «=» Viny «0r» Vm1 wo» Vmn ) &) v ERi=1,..,m,
j=1,...,n, in system (0.5) belongs to <A and is unpredictable such that there exist
positive numbers &, £, > 0 and a sequence t,, — o as p — oo, which satisfy
[lv(t +t,) —v(t)|| = ¢ forallt € [s, — 8,5, + 6],andp € N.

(C2) for the rates we assume that y = T(Tll%l a;;>0andy = rgc]z)x aj;

j» the constant a;; represents the passive decay rate

(C3) there exist positive numbers m;; and m, such that sup |v;;| <m;; for all
teR

i=1,...mj=1,..,nand sup |f(s)] < myg,
|s|<H
(C4) there exists Lipschitz constant L such that |f(s;) — f(sy)| < L|s; — s,
forall s;,s,,|s1| < H,| s,| < H;
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The main result of the present section is mentioned in the next theorem.

Theorem 0.5. Suppose that conditions (C1) — (C5) are valid, then the system
(0.5) possesses a unique asymptotically stable unpredictable solution.

In the second section we consider following SICNNs

dx;;
;Ct] = —b;jx;j — Z D;F f (igp ()45 (6) + g3 (D), (0.6)

ka ENy(1,))

with strongly unpredictable perturbations.

We denote by B the set of functions u(t) = (Uyq, «o) Uiy woor U1 o Umn)»

t,uj; ERi=12,...,mj=12,...,n where m,n € N, such that:

(B1) functions u(t) are uniformly continuous;

(B2) there exists a positive number H such that ||u||, < H for all u(t) € B;

(B3) there exists a sequence t,, t,, — o as p — oo such that for each u(t) € B
the sequence u(t +t,) uniformly converges to u(t) on each closed and bounded
interval of the real.

The following conditions are needed

(D1) the function g(t) = (911, > G1ns » Gm1 - Gmn)r t, gij E R, i =
1,2,..,m,

j=12,...,n,in system (0.6) belongs to B and is strongly unpredictable such
that there exist positive numbers §,, > 0 and a sequence t,, — o as p — oo, which
satisfy |g;;j(t +t,)—g;j(t)| =& for all t€[s,—8,5,+6],i=1,...,m,j=
1,...,n,andp € N,

(D2) y < b;j <y, where y,y are positive numbers;

(D3) 19 (t)| < m;;, where m;; are positive numbers, forall i = 1,...,m,j =
1,...,n,and t € R;

(D4) |f(s)| < my, for |s| < H and some constant m, > 0;

(D5) there exists Lipschitz constant L such that |f(s;) — f(sy)| < L|s; — s,
forall s, s,,|s1| < H, |s,| < H,

(D6) ms ZkaeNr(i,j) Dikjp < b;j,foreachi=1,..,m,j=1,..,n;

mij

m < H,foralli=1,..,m,j=1,..,n;
ij = Mf LDypeNy (i) Dij

(D7)

k
(D8) (LH +mg) max Yo, en, iy Dij’ < V-

Theorem 0.6. Suppose that conditions (D1) — (D8) are valid, then the system
(0.6) possesses a unique asymptotically stable strongly unpredictable solution.
12



In the third section the following INN is considered:

p

d?x; dx;

;tgt) = —q; xdit) - bixi(t) + z Cl]f}(x](t)) + ‘Ul-(t), (07)
J=1

where t,x; € R,i = 1,2, ..., p, p denotes the number of neurons in the network;

x;(t) with i = 1,2, ..., p, corresponds to the state of the unit i at time t; the
second derivative is called an inertial term;

b; > 0,a; > 0 are constants;

fi; with i =1,...,p, denote the measures of activation to its incoming
potentials of ith neuron; ¢;; for all i,j = 1,2,...,p, are constants, which denote the
synaptic connection weight of the unit j on the unit i;

v; (t) are external inputs on the ith neuron at time t.

We assume that the coefficients c;; are real, the activation functions f;: R - R
are continuous functions satisfy the following condition:

(ID) |fi(x1) = fi(x2)| < Li|xq — x5| for all x;,x, € R, where L; >0 are

Lipschitz constant, foralli = 1,2,...,p, and max L; L;=1L.
<i<p

By introducing the following variable transformation

yit) =¢; l()+CLX(t)l—1 vz (0.8)

the neural network (0.7) can be written as

dx(® _ & o1
0= EaO N, (0.9)

dyéit) _ _( a; — s‘l) yi(t) — (51' Cl( 2)) x,(t) +

p
) €y fi05(0) + Emi®), (0.10)
j=1

The following conditions will be needed:

(I2) the functions v;(t),i = 1,...,p, in system (0.7) are unpredictable;

(I3) there exists a positive number H and M, such that [f;(s)| < My,i =
1,..,p, |s| <H.

Moreover, we assume that for positive real numbers ¢; and &, i = 1,...,p the
following inequalities are valid:

13



(I4) g >£+€i:(i >¢&>1;

7
Gi Gi .
15) (@ ) = (4 (@~ ) = &bl + €0 > 0
. P
(16) { ELMf ijlccl] < H,
(=) = (14 (@ = &) = &bl + &)
1 ¢ -
17— (=) &bl 16 ) e <1
Y =1
1 g; P g; g;
08) max(z I (@ — ) = &bl + L& Z cy) < min(ta; — ).

The main theorem is proved.

Theorem 0.7. Assume that conditions (/1) — (I8) are fulfilled. Then the
system (0.7) admits a unique asymptotically stable strongly unpredictable solution.

Illustrative examples concerning unpredictable oscillations of neural networks
are provided.
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1 UNPREDICTABLE SOLUTIONS OF ORDINARY DIFFERENTIAL
EQUATIONS

1.1 Unpredictable functions
Throughout the thesis, R, N and Z will stand for the set of real, natural and
integer numbers, respectively. Additionally, and the norm ||v]|; = sup||v(t)||

where ||v||=m]a<9§)|v|v—(v1,.. Up), Ly, ER I =1,2,. .,p,pEN WIII be

used.

The following definition is one of the main in our study.

Definition 1.1.1. [4, p. 658] A uniformly continuous and bounded function
9:R — R™ is unpredictable if there exist positive numbers &,,§ and sequences
{t,.}, {u,} both of which diverge to infinity such that ||9(t + t,,) — 9(t)|| = 0 as
n — oo uniformly on compact subsets of R and |[9(t + t,,) —9(t)|| = &, for each
t €lu,—6u,+d6landn € N,

The convergence of the sequence 9(t + t,,) is said to be Poisson stability of
the unpredictable function or simply Poisson stability as well as existence of the
numbers &,,6 and the sequence u, is allow the unpredictable property of the
unpredictable function.

The Definition 1.1.1 implies that some coordinates may not be unpredictable
scalar valued functions. That is why, it is of great importance for applications to
consider motions which are unpredictable in all state dimensions, that is strongly
unpredictable functions.

Definition 1.1.2. A uniformly continuous and bounded function v: R — RP?,
v = (Vq,V,,...,Vp), is strongly unpredictable if there exist positive numbers &, § and
sequences {t, }, {u,}, both of which diverge to infinity such that v(t + t,,) - v(t) as
n — oo uniformly on compact sets of R and |v;(t + t,,) — v;(t)| = &, for all
i=12...,p,t€[u,—d8,u, +8landn € N.

It can easily show that any strongly unpredictable function is an unpredictable
one as in Definition 1.1.1, but not vice versa. Moreover, each of the functions v;(t),

[ =1,2...,p, in the Definition 1.1.2 are unpredictable in the sense of the Definition
1.1.1.

The properties of unpredictable function

1. The multiplication of a constant with an unpredictable function is an
unpredictable function.

2. If the function ¢(t): R = R is unpredictable, then the function ¢(t) + C,
where C is a constant, is also unpredictable.

Proof. There exist positive numbers &,,& and sequences {t,},{u,} both of
which diverge to infinity such that ||¢(t + t,,) — ¢(t)|| = 0 as n — oo uniformly on
compact subsets of R and [|¢(t + t,,) — d(t)|| = &, for each t € [u, — 6,u, + I]
and n € N. Let us denote w(t) =¢(t)+C. Then we have that ||w(t +t,) —
—w(®)|| =t +t,) —d(t)|]| = 0 as n — oo uniformly on compact subsets of R
and ||w(t +t,) —w®)|l = [lp(t +t,) — d()|| = & for each t € [u, — §,u, + 6]
and n € N. Therefore, the function ¢ (t) + C is unpredictable.
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3. Suppose that ¢(t): R = R is an unpredictable function. Then the function
¢3(t) is unpredictable.

Proof. One can find numbers ¢, > 0,6 > 0 and sequences {t,}, {u,} both of
which diverge to infinity such that ||¢(t + t,) — ¢(t)|| = 0 as n — oo uniformly on
compact subsets of R and |[¢(t + t,,) — d(t)|| = &, for each t € [u, — 6,u, + 5]
and n € N. It is easy to check that ||¢3(t + t,) — ¢3(t)|| = 0 as n — oo uniformly
on compact subsets of R, since it follows from the uniform continuity of the cubic
function on a compact set.

Fix a natural number n. Let us show that for t € [u, —&6,u, + ] the
inequality [|p(t + t,) — ¢l = & implies [|p>(t + t,) — P>l = &5 /4.

We have that:

1
|p3(t +t,) — P3| = 1 + o) - GO [P (t + t,) + P*(t) +

H(P(E+ t) + P(D)?] = 5 (B2(t + t) + H2 ().

Consider the function F(a, b) = a? + b? for |a — b| = &,. The minimum of F
occurs at the points (a, b) with |a| = |b| = &,/2. Therefore, |¢p3(t + t,,) — p3(t)| =
> g3 /4 for t € [u, —8,u, + 6]

Next, we extend Definition 1.1.1 to the class of functions with several
independent variables. The following new definition will be of use.

Definition 1.1.3. A continuous and bounded function f(t,x):R X G — RP,
f=Unfzm--fp) GCRP is a bounded domain, is unpredictable in t if it is
uniformly continuous in t and there exist positive numbers &y, 8 and sequences
{t,,}, {u,}, both of which diverge to infinity such that sup ||f(t + t,, x) — f(t, x)|| =

G

— 0 as n — oo uniformly on compact sets in R and || f(t + t,, x) — f(t,x)|| = &, for
t€u,—6,u,+d8],x€Gandn eN.

We consider nonlinear perturbations, which are functions unpredictable in the
time variable. Thus, in the present section we have significantly enlarged the set of
systems, which can be investigated for unpredictable solutions. To this end, we shall
need the following new notion.

Definition 1.1.4. A continuous and bounded function f(t,x):R X G — RP,
f = (fi far - fp), G € RP is a bounded domain, is strongly unpredictable in t if it is
uniformly continuous in t and there exist positive numbers &,, § and sequences {t,},
{u,}, both of which diverge to infinity such that sup||f(t +t,,x)— f(t, x)|| -0

G

asn — oo uniformly on compact sets in R and |f;(t + t,,, x) — f;(t,x)| = ¢, for all
i=12...,p,(t,x) € [u, —6,u, + 8] X G,and n € N.

An example of unpredictable function

Let us take into account the logistic map

Aiv1 = E,(4y), (1.1.1)
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where i € Z and F,(s) = us(1—s). The interval [0,1) is invariant under the
iterations of (1.1.1) for u € (0,4] [86]. It was shown in [3, p. 88] that the logistic map
(1.1.1) possesses an unpredictable solution for each u € [3 + (2/3)/?,4].

Let y;, i € Z, be an unpredictable solution of the logistic map (1.1.1) with u =
= 3.92 inside the unit interval (0,1]. There exist a positive number p and sequences
{p, My, both of which diverge to infinity such that |1,bl-+np — 1/),7P| — 0 as p - oo for
each i in bounded intervals of integers and |z/)¢p+,,p — l/anl > p for each p € N.

Define the following integral:

0(t) = J_t e 3= (s)ds, (1.1.2)

where Q(t) is a piecewise constant function defined on the real axis through the
equation Q(t) =y; for t € [i,i+1],i € Z. In figure 1 the graph of function
Q(t) is shown.

1

0.9k p
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0.7 1

0.6 — E

0.5
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oab— .

0.3k -

oz

0.1 1

o I I s L I
L] 2 4 & B i® 12 14 16 18 20
1

Figure 1 — The graph of piecewise constant function Q(t)

It is worth noting that ©(t) is bounded on the whole real axis such that
sup |0(t)] < 1/3.

teR
Next, we will show that function ©(t) is an unpredictable function. Consider a

fixed bounded and closed interval [a, 5], of the axis and a positive number ¢.
Without loss of generality, one can assume that a and £ are integers. Now, we fix a
positive number ¢ and and integer y < a, which satisfy the following inequalities

%e‘““"’) <-and g[l —e36BM] <. Let p be a large enough number such that
1Q(t + ¢p) — Q)| <& on[y,B]. Then forall t € [a, ] we obtain that:

0(t + &) —0(8)] = If e3EI(Q(s + &) — Q(s))ds| =

17



14 t
= |f_ooe—3(t—s) (Q(s + (p) — Q(S)) ds + fy e—3(t—s)(Q(S + {p) —Q(s))ds| <

14 t 2 é £ €
< f e 3E=92ds + f e 3 9gds < —e 3@ M 1 21 —eB3EMN] <+ ==
e y ~ 3 3 22

Thus |©(t + ¢,) — ©(t)| = 0 as p — o uniformly on the interval [y, B].

It is true that |Q(t + {p) — Q)| = |1/J<p+,,p — lp,,pl = p,t € [nyn, +1] for
all pe Z, and there exists a positive number k < 1 such that % [1—e3] < %.

Let us fix the number k and p € N, and consider two alternative cases:

() 100, +4p) — (1) < Zand (ii) [0, + &) — O(m,)| 2 2.
It is easily seen that the following relation holds:
O(t+ ) —06() =

t
=0, +{,) —0(n,) + f e 3 (Q(s + {p) — Q(s))ds.  (1.1.3)
Mp

(i) From the last relation we obtain that

lo(t +¢,) — @(t)!t >
> | f e~3(=9) (Q(S +q,) — Q(s)) ds| —|0(n, +¢,) — 0(n,)| =
Mp

t
> j e 3= pds — % > —% =— (1.1.4)
Np

P
3
fort € [n,,n, +1).

(i1) Using the relation (1.1.3) we get that

lo(t+¢,) — 0| =

t

> 10(n, +4,) — 0(n,)] — | f ¢35 (s + §,) — Q(s))ds| >
Mp

t
2
_ f 20735 gg > % — §(1 —e 3 > £ (1.1.5)
Np

= =
a 12

B

fort € [n,,n, +K).

18



Thus, (1.1.4) and (1 1.5) prove finally that the function G)(t) IS unpredictable
with positive &, = £, 8 = ~and sequences t, = ,, s, = 1, +

Since we do not rellably know the initial value of the functlon 0(t), we are not
able to visualize it. For this reason, let’s represent the function 0(t), as follows:

t t
0(t) = j e 3= (s)ds = e3t0, +f e 3t=9Q(s)ds, (1.1.6)
oo o

where

0
0, =j e35Q(s)ds.

Next, we will simulate the function
t

P(t) = e 3, +] e 3E=9Q(s)ds,t = 0, (1.1.7)
0

where @, is a fixed number, which not necessarily equal to ©,. If we subtract the
equality (1.1.7) from equality (1.1.6), we obtain 0(t) — ®(t) = e 3¢(0, — D),

t > 0. The last equation demonstrates that the difference 0(t) — ®(t) exponentially
diminishes. Consequently, the graph of the function ®(t) approximates the graph of
the function O(t), as time increases. Figure 2 shows the graph of the function ®(t),
defined by the initial value @(0) = 0.8 accurate to 10~* Moreover, since

sup |0(t)| < 1/3, then for t = 2In10 —%ln% ~ 3.71 the function &(t) will
teRrR
coincide with ©(t) to within 107,

05

0.4
a0
~_,—
¥ 02

0.1

0

0 50 100 150

t
Figure 2 — The graph of function ®(t), which approaches the unpredictable function
o(t)

1.2 Hyperbolic linear systems
Let us consider the system of linear differential equations:
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X'(t) = Ax() + g(b), (1.2.1)

where x € RP, and the function g: R — RP is uniformly continuous and bounded.
Moreover, all eigenvalues of the constant matrix A € RP*P have nonzero real parts.

We will make use of the usual Euclidian norm, and the norm induced by the
Euclidean norm for square matrices.

Assume that the following condition is valid.

(CO)Rel;<0,i=12,...,1r,and Re 1; >0,i=r+1,r+2,...,p,1 <r <p,
where 1;, i = 1,2,...,p, are the eigenvalues of the matrix A and Re A; denotes the
real part of A;.

One can find a nonsingular matrix B such that the substitution x = By
transforms system (1.2.1) to the equation:

y'(t) = B~1ABy(t) + B~1g(t), (1.2.2)

with the block diagonal matrix of coefficients [87]. Therefore, we assume without
loss of generality that the matrix A in system (1.2.1) is block diagonal such that A =
diag(A_, A,), where the eigenvalues of the matrices A_ and A, possess negative and
positive real parts, respectively. There exist numbers K > 1 and a > 0 such that
|le4-t|| < Ke % fort = 0 and ||e4+!|| = Ke% for t < 0.

From equation (1.2.1), it implies that the following auxiliary assertion is
needed.

Lemma 1.2.1. If the function g(t) is unpredictable, then the function f(t) =
= B~ 1g(t) is also unpredictable.

Proof. There exist positive numbers &,,& and sequences {t,},{u,} both of
which diverge to infinity such that ||g(t + t,;) — g(t)|| = 0 as n — oo uniformly on
compact subsets of R and ||g(t +t,,) — g(t)|| = &, for each t € [u, — 6, u, + J]

and n € N. Then we have that ||f(t + t,) — f(t)] = ||B‘1(g(t +t,) — g(t))|| <

< [IB7| - |lg(t + tn) — g(@®)I|, this is why and [|If (¢ + t,) — f()l| > 0 as n - o
uniformly on compact subsets of R. On the other hand, ||f(t + t,,) — f(O)|| =
= |B Y (g(t +t,) —g@®)|| = ||B~}||g, for each t € [u, — 6,u, + 8] and n € N.
The lemma is proved.

In what follows we will denote g(t) = (g_(t),g+(t)), where the vector-
functions g_(t) and g, (t) are of dimensions r and p-r, respectively.

As it is known from the theory of differential equations [87, p. 150], system
(1.2.1) admits a unique bounded on R solution ¢ (t) = (¢@_(t), . (t)),

t [o's)
p_(t) = f ed-t=9g (s)ds, @ () =— f eA+=9) g (s)ds, (1.2.3)
—o0 t
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2MgK

a

if the function g(t) is bounded on R. One can confirm that sup || (t)]|| <
terR
where M, =§1é£||g(t)||. Moreover, @(t) is periodic, quasi-periodic, or almost

periodic if the perturbation function g(t) is respectively of the same type.

The following theorem is concerned with the unpredictable solution of system
(1.2.2).

Theorem 1.2.1. Assume that g(t) is an unpredictable function and condition (C)
is valid. Then the system (1.2.1) possesses a unique unpredictable solution.
Additionally, if all eigenvalues of the matrix A have negative real parts, then the
unpredictable solution is uniformly asymptotically stable.

Proof. The boundedness of g(t) implies that the system (1.2.1) admits a
unique bounded solution @(t) = (¢_(t), ¢, (t)), which satisfies (1.2.3). Moreover,
the bounded solution is uniformly asymptotically stable provided that all eigenvalues
of the matrix A have negative real parts. Hence, it is sufficient to prove that ¢(t) is an
unpredictable function.

The function ¢(t) is uniformly continuous since its derivative is bounded.
According to the Poisson stability of g(t), there exists a sequence {t,} with t,, - oo
as n — oo such that ||g(t +t,) — g(t)|| = 0 uniformly on compact subsets of R.
One can easily find that:

t
|I<p_(t+tn)—<p_(t)ll=‘ f e g _(s + t,) — g_(s)]ds|| <
t
< j Ke®t=9|lg_(s + t,) — g_(s)llds
and
o, (t+t,) — @, (D] = j e+ =g, (s + t,) — g+ ()]ds|| <
t

< j Ke®t9lg, (s + o) — g+ (5)ds.
t

Fix an arbitrary positive number ¢ and a closed interval [a,b],—0 < a < b <
< oo, of the real axis. We will show that for sufficiently large n it is true that

llp(t + t,) — @(®)|| < € on [a, b]. Let us choose numbers ¢ < a,d > b,& > 0 such
that XX p-aa-o) < & MoK —a@-p) < £ g K < £
o 4 a 4 [0 4

Consider n sufficiently large such that ||g(t +t,) — g(t)|| < é fort € [c,d].
Then we have for all t € [a, b] that:
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C
lo_(t +t,) — 9 (D] < j Ke=@9|lg_(s + tn) — g_(s)llds +

t
; j Ke=*t9||g_(s + t,) — g_(s)llds <
C

Cc
< j 2M Ke~*(t=S)ds + f Kée™a(t=9)ds < —=— My K e—aa—c) 4 ks &
T ) Y c a a ~ 2

and similarly, one can show that:
d
|l (t + tn) — 9, O] SJ Ke® 9| g, (s + tn) — g (s)llds +
t
# [ eI g, (s + 1) - gu(5)lds <
d

d
sf K{e“(t‘s)ds+J 2M,Ke*t=9)ds <K€ 2MyK K ~a(d-b) < £

t d a C( -2

Thus, for sufficiently large n it is true that:

ot +t,) — Ol < llo+(t + 1) — @ Ol + llo_(t + ) —_ (DIl <&

fort € [a, b].

Next, we will show that the existence of a sequence {ii, },%,, > ©asn — o,
and positive numbers &, § such that ||p(t + t,) — @(t)|| = &, fort € [u,, — 6, u, +
+4].

According to uniform continuity of g(t), there exists a positive number &,
which does not depend on the sequences {t,,} and {u,,}, such that the inequalities:

lg(t+t %o
g < :

4\/p
and

lg(®) — gun)ll < —=

)

are valid for every t€ [u, —§,u, + §| andn € N.
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Fix an arbitrary natural number n, and suppose that g(t) = (g,(t),..., g,(t)),

where each g,(t),k =1,2,...,p, is a real valued function. It can be verified that
there exists an integer j,,, 1 < j, < p, such that:

&
|gin(tn +up) — gjn(un)| = \/—%.

Hence, we have
|gjn(t +u,) — gjn(t)| =

= |gjn(tn + un) - gjn(un)| - |gjn(t + un) - gjn(tn + un)' -

€0
~19;,(®) = g, ()| 2 —= (1.2.4)
J ] n 2\/5
fort € [u, — &§,u, + 4.
One can confirm that there exist numbers si',s7, ..., sy in the interval [un -
—& ,u, + 8] such that the equation:

un+3 p

1| (9G+t) = g@)ds 11 = 260 (gi(s + ) = giCsDY1
5 i=1

Un
is valid. Using inequality (1.2.4) we obtain that:
Up+8

I (g(s + t) — g(s)ds || = 26gj, (s]" + tn) — g, (]| =
-5

Un

5e,
\/5 .
By means of the equation:

Pty +un+8)—(ta+6)=p(tn +u, —6) —p(u, — 6) +

Up+8 Up+8
+ [ Al —e@lds+ [ 96+ 6) - g(o)ds
Up—">6 Up—=6

One can obtain that:
||<p(tn +u, + 5) — go(tn + S)” =
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)

& _
> — (1+28)14l)  sup e+t — e@)ll.
\/5 t€[uy — S,un + 8]
SSO
- > - = — .
Thus, el f%gn+g]ll<p(t +tt) — o 2 3507
Now, suppose that sup  lo(t+ty) — eIl = llo(t, +uy) — @@,)ll

t€[un — 8,un + 8]
for some u,, € [un - o,u, + cﬂ and let us denote:
5eg

TN

€o

and

Sasg,
é = — :
8My (1 + SllAlN(a + 2K|IAlD/p

Ift € [@, — &,u, + &], then we have:

lo(t +t,) — @Ol = llo(t, + Ty) — @)l — J_ [1Al||l@(s + t,) — @(s)l|ds —

Un

[19(s + tn) — g(s)|lds = = — 26M, = &,.
z i 2(1+ 8|1A1)+/p a 9=

jt Se, 45M,K||A||

Hence, ||o(t + t,,) — @(t)|| = &, for each t from the intervals [an - 6,u, + (ﬂ
n € N. One can confirm that the sequence {u, } diverges to infinity. Consequently,
@(t) is the unique unpredictable solution of system (1.2.1).

Example 1. It was shown in paper [3, p. 86] that the presence of an
unpredictable function is inevitably accompanied with Poincare chaos. Therefore, we
can look for a confirmation of the results for unpredictability observing irregularity in
simulations. The approach is effective for asymptotically stable unpredictable
solutions, and it is just illustrative for hyperbolic systems with unstable solutions. In
the latter case we rely on the fact that any solution becomes unpredictable ultimately.

Consider the system:

X, = —2x1 + 2x, — 500(t)
{ xé = x1 - 3x2 - 5@3(t), (125)

where 0(t) = f_too e~ 25t=5)()(s)ds, is the unpredictable function defined in section
1. The eigenvalues of the matrix of coefficients of system (1.2.5) are —2 and —0.5.
One can confirm that the perturbation function (—500(t), —503(t)) is unpredictable
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in accordance with Properties 1 and 3. By Theorem 1.2.1 there is an asymptotically
stable unpredictable solution (x;(t),x,(t)) of system (1.2.5). Consequently, any
solution of the equation behaves irregularly ultimately. This is seen from the
simulation of the solution with x, (0) = 0,18, x,(0) = 0,01 in figure 3.

x5 .
-0}
_i% : : : " :

o 10 20 30 40 50 a0 70 an a0 100
t

= -2
—4

o 10 20 30 40 50 a0 70 an a0 100
t

Figure 3 — The time series of the x; and x, coordinates of system (2.1.8) with the
initial conditions x; (0) = 0,18, x,(0) = 0,01. The figure manifests the irregular
behavior of the solution

The next example is devoted to a system of differential equations whose matrix
of coefficients admit both positive and negative eigenvalues.
Example 2. Let us take into account the system:

{y{ = —1000y; + 0.23y, + 120x3(t) + 160 126
y, = 6y; +0.000002y, — 0.1x,(t) + 20, (12.6)
where (x4 (t), x,(t)) is the solution of (1.2.5) depicted in figure 1. The eigenvalues of
the matrix of coefficients of system (1.2.6) are —1000 and 0.00138. The perturbation
function (120x3(t) + 160,—0.1x,(t) + 20) is unpredictable. According to the
Theorem 1.2.1, system (1.2.6) possesses a unique unpredictable solution. The
simulation results for system (1.2.6) corresponding to the initial conditions y,(0) =
0 and y,(0) = 0.1 are shown in figure 4. The time series of both y, and y,
coordinates in the figure confirm the presence of irregularity in the dynamics of
system (1.2.6).
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Figure 4 — The time series for the y, and y, coordinates of system (1.2.6) with the
initial conditions y, (0) = 0,y,(0) = 0.1. The irregular behavior of the solution
reveals the presence of an unpredictable solution in the dynamics of (1.2.6).

1.3 Hyperbolic quasilinear systems
The main object of the present section is the system of quasilinear differential
equations:

x'(t) = Ax(t) + f(x(D) + g(b), (1.3.1)

where x(t) € RP, p is a fixed natural number, the function f: RP — RP is continuous
in all of its arguments, £(0,0,...,0) = (0,0,...,0), and all eigenvalues of the constant
matrix A € RP*P have nonzero real parts. We assume that Re(1;) < 0,i =1,2,...,q,
and Re(4;)) >0, i=q+1,...,p, where 1<qg<p,A;,i=12,...,p, are the
eigenvalues of the matrix A, and Re(A;) denotes the real part of the eigenvalue A;.
Moreover, the function g: R — RP is unpredictable with positive numbers ¢, § and
sequences {t,}, {u,,} determined in Definition 1.1.1. Our purpose is to prove that
system (1.3.1) possesses a unique unpredictable solution, provided that the function
g(t) is unpredictable and the solution is uniformly exponentially stable if all
eigenvalues of the matrix A have negative real parts.

The following condition on system (1.3.1) is required.

(C1) There exists a positive number L such that ||f(x1) — f(x2)|| <
< L¢||x; — x5]|| for all x;, x, € RP.

It is known that one can find a regular p X p matrix B such that the
transformation x = By reduces system (1.3.1) to the system:

y' (@) =Cy(t)+ F(y)+G(t), (1.3.2)

where C = B~'AB,F(y) = B~1f(By), and G(t) = B 1g(t). In system (1.3.2), the
matrix C is of the form diag(C_, C,), where the eigenvalues of the g X g matrix C_
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and (p — q) X (p — q) matrix C, respectively have negative and positive real parts.
Let us denote F(y) = (F_(y),F.(y)) and G(t) = (G_(t), G,(t)), where the vector-
functions F_ and G_ are of dimension g and the vector-functions F, and G, are of
dimension p-q.

It can be verified that F(0,0,...,0) = (0,0,...0) € RP the function F is
Lipschitzian with the Lipschitz constant:

Le = |IBI [IB7*]\Ly,

under the condition (C1), that is, ||F(y1) — Fy)I| < Lg|lyy — y2| forall yy, v, €
€ RP. In addition, according to the Lemma 1.2.1 from the previous section, the
function G (t) is unpredictable.

Fix a number H > 0 such that ||g(t)|| < H. Then ||G(t)|| < ||B~||H.

Next the main result is formulated for system (1.3.2) and interpreted for system
(1.3.2).

One can confirm that there exist numbers K > 1 and a > 0 such that ||e¢|| <
< Ke * forallt > 0and ||e‘+!|| < Ke* forall t < 0.

The following conditions are needed.

2 -
(€2) =K(IBIIIIB7 Ly +1) < 1.

According to the theory of differential equations [87, p. 150], a function
o(t) = (p_(t), . (t)) which is bounded on the whole real axis is a solution of
system (1.3.2) if only if it satisfies the equations:

¢-(0) = J eC-F_(p(s5)) + G_(5)]ds,
(1.3.3)

(0]

94 (0) = — f eCHEIF, (p(s)) + Gy ()]ds.

t

Let U be the set of all uniformly continuous and bounded functions
Y(t):R - RP such that |[]||; < ||B~||H, where the norm ||.||; is defined by
[[Y]l1 = sup [|Y(®)]| and Y (t + t,) — P(t) and n = oo uniformly on each compact
teR

subset of R.
Lemma 1.3.2. Suppose that the conditions (C1) —(C2) are valid then the system
(1.3.2) possesses a unique solution w(t) € U such that sup ||w(t)|| < [|B~1||H.
teR

Proof. In the proof, we will show that system (1.3.2) possesses a unique
Poisson stable solution by using the contraction mapping principle, and this implies
the existence of a unique Poisson stable solution of system (1.3.1).
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Since the function g(t) is Poisson stable, there exists a sequence {t,,}, t,, = ©
as n — oo, such that g(t + t,) = g(t) as n = oo uniformly on each compact subset
of R.

Define an operator IT on U through the equations:

t

Mp@ = [ e-CIF @) +6.)ds

— 00

and

(00]

M. = = [ eI [R(0() + 64 ()]s,

t

such that Iy (t) = (TT_y(t), M Y(t)).
Fix an arbitrary function ¥ (t) that belongs to U. For all t € R, we have:

M-y @] < j||eC—<t—S)||||F_(1p(s)) +G_(9)]lds <

t
1
< jK(LF||1p(s)|| +|IB7|H)e™*(t=9)ds < EK||B‘1||H(||B||||B‘1||Lf +1)

— 00

and

I, (@)]] < f 1€+ @2 |||F () + G4.()|| ds <
t

(e0)

1
< f K(Le|lp)I| + |I1B7|H)e *tS)ds < EK||B‘1||H(||B||||B‘1||Lf +1).

t

Therefore, by condition (C2) ||TTy||; < ||B~||H.

Now, let us fix an arbitrary positive number ¢ and a compact subset [a, b] of R,
where b > a. Suppose that a, and b, are numbers satisfying a, < a, b < b, such that
the inequalities:

&
-

7 (1.3.4)

2
EK||B‘1||H(||B||||B‘1||Lf +1)e~*(@%) <
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2 -1 b-b €
—K||B [|H(||B||Lf + 1)e* °)<Z’ (1.3.5)

are valid, and let y be a number such that:

- 4K|1B7HI(I1B]ILs + 1)
" .

(1.3.6)

There exists a natural number n, such that if n > n,, then ||G(t + t,,) +
+G()|| < §and Wt +t,) — ()| < §for all t € [ay, by].

Therefore, one can verify for n = n,, and t € [a,, b] that:

[ITL(t + t) —TM D) < f e NAIF_@W (s + t2)) — F_@ (Il +

t
+HG_(s + ty) — G_(s)|]ds + J 1eC- DI (s + £.)) — ()| +
ao
HIG_(s +tn) = G()|Dds <
2
= EK(l|B||||B_1||Lf||B_1||H + ”B—lH”)e_a(a_aO) +
&
+-K(UIBINIBTILy + 11B)(1 — e7<~0)

and

[IMp(t + t,) = M ()] < j e ED(Fr (s + t) — Fr ()] +
bo

bo
G (s + tn) — G(s)]]ds + J e+ (IFL (s + t)) = F ()| +

G (s + ty) = G(s)[Dds <
2
< EK(l|B||||B_1||Lf||B_1||H +[|B7H||)e ¢ P) +
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&
+a_yK(||B||||B_1||Lf +[|B7Y])(1 — e~@-b),
Now, using the inequalities (1.3.4) to (1.3.6), one can obtain for t € [a, b] that

It + ) ~ POl <3

and

(e + ) = (Ol < 5

provided that n > n,. Hence, if n > n,, then the inequality ||TIy(t + t,,) —
MY (t)|| <e is valid for all t € [a,b], and therefore IMp(t+t,) — MP(t)
uniformly as n — oo on each compact subset of R.

Additionally, it can be shown that Iy (t) is uniformly continuous since its
derivative is bounded.

Next, we will show that the operator IT1 — U is contractive. Let y,(t) and
Y, (t) be functions in U. Then, we have that

t
1 (8) =M (O)]] = f e LD NF_($1(5)) — F_ @2 (s))llds <

K||B -1
< [IBIIIB~" 1Ly
a

11 = P2llo

and

T, (0) = L2 (O] = f e EINIF, (1(5)) = Fr(2(s)]ds <
t

K||BI|||B7|L
< KIIBIB Iy
a

11 = P2llo-

Therefore, the inequality

K||BI|[IB~*||Ly

[y (1) — M2 (O] = 11 = P2llo

holds, and according to the condition (C2) the operator I1: U — U is contractive.
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By contraction theorem there exists fixed point of the operator IT which is a
bonded solution w(t) of the system (1.3.2) and it satisfies an inequality
igﬂgllw(t)ll <||B7*||H.

Now we will show that the sequence w(t + t,,) converges on any compact
interval on R. For this reason, consider the sequence of approximations w; (t), k =
= 0,1,..., such that w,(t) = G(t) and wy,(t) = Mw,(t). This sequence uniformly
converges on R to the function w(t) and each function w, (t) satisfies the condition
that w,(t + t,) converges uniformly on any compact subinterval of the real axis.
Thus, we have that:

|w(t + tn) - w(t)l < |w(t + tn) - wk(t + tn)l + |wk(t + tn) - wk(t)l +
ok (t) —w()] <&

for a fixed positive ¢ with sufficiently large k and n. This is why, w(t + t,),
n = 1,2,... converges to w(t) uniformly on each compact interval of the real axis.
The lemma is proved.

The next theorem is concerned with the unpredictable solution of system
(1.3.2).

Theorem 1.3.1. Suppose that conditions (C1) — (C2) are valid, then the system
(1.3.1) possesses a unique unpredictable solution. Moreover, the unpredictable
solution is uniformly exponentially stable if all eigenvalues of the matrix A have
negative real parts.

Proof. According to Lemma 1.3.2, system (1.3.1) possesses a unique Poisson
stable solution w(t). Therefore, to prove that system (1.3.1) admits a unique
unpredictable solution, it remains to show that w(t) satisfies the unpredictable
property.

We will show the existence of a sequence u,, ui,, » o as n — oo, and positive
numbers &, § such that ||w(t + t,) — w(t)|| = & fort € [u, — §,u, + §].

One can find a positive number x and natural numbers [,k and j = 1,...,p,
such that

K <6, (1.3.7)
1 2 3
K(1/2 = G+ DL+ AID) > o, (13.8)
llo(t +5) — 0] < & min (+),t €R[s| <. (1.3.9)

Let the numbers «, [ and k as well as a number n € N, be fixed. Denote A= ||w(t,, +
+u,,) — w(u,)|| and consider two cases (i)A=> g,/l and (ii))A< &,/L.
(i) By (1.3.9) we have that:
lot +t,) — w@®)]] 2 |lo(t, + un) — W] = [louy) — 0 (@®)]] =
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t+t tn + LI 1.3.10

ift € [u,—x,u, +x]and n € N.
(i1) One can find that from (1.3.9) it follows that

& & & 1 2
llw(t + &) a)(t)||<T+E+E—eo(l+k), (1.3.11)

ift € [u,u, +xj.
It is true that

t

w(t+t,)—w()= w(t, +u, —owu,) + jA[a)(s +t,) — w(s)]ds +

¥ j [F(@(s + £)) — f(@(s)]ds + j s +t) — g()lds.  (13.12)

We obtain from (1.3.7) -(1.3.9) and (1.3.11) that

lw;(t + t,) — w; (O] = j|gj(s +t,) — gj(s)|ds —

Un

t p
leaU [w;(s + t,) — w;(s)]]|ds — J|fl(w(s+tn)) filw(s))|ds —

u, J=1

K £
—|wj(ty, + uy) — w;(uy)| = = > €0~ K||A||€0( + ) — KLeO(—+ ) _TO > Zol
for t € [u, + x/2,u, + k.
Thus, ||w(t + t,) —w(@®)|| = & = Z—"l for each t from the intervals

3:,5 = E,n e N. Consequently, the bounded

[ii,, — 8,1, + 8], where i, =u, +
solution w(t) is unpredictable.

On the other hand, one can show in a similar way to the proof of Theorem 4.1
[2, p. 257] that if all eigenvalues of the matrix A have negative real parts, then the
unpredictable solution of system (1.3.1) is uniformly exponentially stable under
condition (C3).

Example 3. Consider the system
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r_ _ 3
{x1 = —3x; + 2x, — 0.1x5 + 200(t) + 3 (1.3.13)

xy = x; — 2x, + 0.5x% — 150(¢t) — 2,
where 0(t) = f_too e ~2t=9)0)(s)ds, is the unpredictable function defined in section 1.
The eigenvalues of the matrix of coefficients of system (1.3.13) are —1 and —4. By the
properties of unpredictable function, it can be confirmed that the perturbation
function (200(t) + 3,—150(t) — 2) is unpredictable. According to Theorem 1.3.1,
there is a unique exponentially stable unpredictable solution (x,(t), x,(t)) of system

(1.3.13). Figures 5 and 6 present the function (t) = (¥,(t),¥,(t)) , which
exponentially tends to the solution x(t).

[

T T T T
2 -

—

Il ! ! !
0 10 20 30 40 50 =] 70 B0 a0 100
1

Figure 5 — The time series of the ¥, (t), ¥, (t) coordinates with the initial value
Y,(0) = 1.18, Y, (0) = 1.01. The figure manifests the irregular behavior of the
system

Figure 6 — The irregular trajectory of the function ¥ (t)
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Example 4. Let us consider the system

"= 4y, —0.021y3 — 2x3(t
{ V1 V1 Y2 x5 (t) (1.3.14)
y

5 =7y, — 6y, — 0.014y2 + 3x3(1),

where (x1(t),x,(t)) is the unpredictable solution of system (1.3.13). The
eigenvalues of the matrix of coefficients of system (1.3.14) are —6 and 4. The
function x(t) == (—2x3(t),3x3(t)) is unpredictable, and therefore, the system
possesses a unique unpredictable solution by Theorem 1.3.1. Figures 7 and 8 show
the simulation results for the function ¢ (t), which approximates the solution y(t) of
the system (1.3.14).

a0

] 10 20 a0 40 50 60 70 80 20 100
t

Figure 7 - The coordinates of the function ¢(t) with initial conditions ¢, (0) = 0,
¢,(0) = 0. The behavior of the function reveals the presence of an unpredictable
solution in the dynamics of (1.3.14)

10~

Figure 8 - The trajectory of the function ¢ (t). One can observe the irregular behavior
in the graph
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1.4 Strongly unpredictable solutions of differential equations
Consider the following differential equation:

x'(t) = Ax(t) + f(t, %), (1.4.1)

where t € R,x € R?, p is a fixed natural number, all eigenvalues of the constant
matrix A € RP*? have negative real parts, f:R X G - RP, f = (fy, fo,..., f,), G =
= {x € RP,||x]||; < H}, where H is a positive number. It is true that there exist two
real numbers K > 1 and y < 0 such that ||e“t|| < Ke"* forall ¢ > 0.

One can see that the main difference between system (1.3.1) and system (1.4.1)
IS that the perturbation in the former one is less general than that of the latter one.

Assume that the following conditions are valid:

(C1) the function f(t,x) is strongly unpredictable in the sence of Definition
1.1.4, so that there exists a positive number M such that sup ||f (t, x)|| = M < oo;

RXG

(C2) there exists a positive constant L such that the function f(t, x) satisfies
the inequality ||f(t,x1) — f(t, x2)|| < L||x; — x,|| forall t € R, x4, x, € G,

(C3)y < —=%;

(C4)y < —KL.

Our purpose is to prove that the system (1.4.1) possesses a unique strongly
unpredictable solution, provided that the function £ (t, x) is strongly unpredictable in
t. Moreover, we prove that the solution is uniformly globally exponentially stable.
Additionally, existence of an unpredictable solution, which is not strongly
unpredictable, is considered for the system (1.4.1).

Let U be the set of all uniformly continuous functions ¥ (t) = (Y1, Y2, ..., ¥p),
Y; ER,i=1,2,...,p, such that ||Y||; <H, and Y(t+t,) =>P(t) as n—- oo
uniformly on each closed and bounded interval of the real axis, where sequence t,, is
the same as for function f(t, x) in system (1.4.1).

According to the theory of differential equations [88], a function w(t) =
(w1, W3, ..., w,) bounded on the whole real axis is a solution of system f(¢,x) if
only if the integral equation:

t

w(t) = je“‘(t‘s)f(s,w(s))ds, t € R,

— 00

Is satisfied.

Lemma 1.4.1. Suppose that conditions (C1) -(C4) are valid, then the system
(1.4.1) possesses a unique solution w(t) € U.

Proof. Define an operator I1 on U such that:
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t

My(t) = JeA(t‘S) f(s,¥(s))ds,t € R. (1.4.2)

— 00

Fix an arbitrary function ys(t) that belongs to U. We have that:

; KM
@I = [ 1A 117G ws)lids <

for all t € R. Therefore, by condition (C3) it is true that | |||, < H.

Fix an arbitrary positive ¢ and a closed interval [a, b],—c < a < b < o, of
the real axis. We will show that for sufficiently large n it is true that ||TTy/(t + t,,) —
—IyY(t)|| < € on [a, b]. Let us choose two numbers ¢ < a, and ¢ > 0 satisfying

2KM o ¢
- er@ ) <o (1.4.3)

and

K e+ 1= ervo-op <& (1.4.4)
v 2

Theorem 1.4.1. If conditions (C1) -(C4) are fulfilled, then the system (1.4.1)
admits a unigue uniformly exponentially stable strongly unpredictable solution.
Proof. According to Lemma 1.4.1, system (1.4.1) has a unique solution
w(t) € U. What is left is to verify that the unpredictability property is valid.
One can find a positive number x, natural numbers [, k such that forall j = 1,...,p
the following inequalities are valid,

k<8, (1.4.5)
1 1 2 3
K (E_ G+ ||A||)) > (1.4.6)

11
o (t +5) — 0] < ggmin (E'Iz)' tER, |s] <k (1.4.7)
Let the numbers k, [, k and j as well as n € N, be fixed.
Denote A= |wj (up +ty) — w; (un)| and consider two cases: (i) A= &,/1,
(ii) A< g, /1 such the remaining proof falls into two parts.
(i) We have that:

36



|wj(t + tn) - wj(t)l = |wj(tn + un) - wj(un)|_|wj(un) - wj(t)| -

& & & €
—lw;j(t + ) — wj(tn +u)| =2+ — = —— =— (1.4.8)

ift € [u, —x,u, +x]andn € N.
(i1) It can easily find that (1.4.7) implies

£ £ £ 1 2
||a)(t+tn)—w(t)||<TO+?0+?0=80<7+E> (1.4.9)

if t€lu,u,+k«].
From the last inequality and (1.4.5)- (1.4.7) it follows that

t
lw;(t +t,) — w; ()| = f Ifi(s + tn, w(s + ) — fi(s, w(s + t,))|ds —

- f (5, 0(s + ) — (s, w(s)ds — j 1> o (s + 6) — w;(s)]1ds -

K 1 2 1 2 & &

—|w;(ty +up) — w;(uy)| = 5€0 = ;cLeO(7+E) — K||A||EO(T+E) -7z
fort € [u, +k/2,u, + k.

3k _— K

Thus, the solution w(t) is strongly unpredictable with w,, = u,, + 0 0=7

The uniformly exponentially stability of the solution w(t) can be verified as
stability of a bounded solution in [87, p. 100; 88, p. 40]. The theorem is proved.

We have considered the problem of existence and uniqueness of strongly
unpredictable solutions. In what follows, we will search for quasilinear systems with
unpredictable solutions, which are not strongly unpredictable. For this reason, assume
that the following condition is valid.

(C5) The function £ (t, x) is unpredictable in the sense of Definition 1.1.3.

Theorem 1.4.2. Suppose that the conditions (C2)-(C5) hold. Then the system
(1.4.1) admits a unique uniformly exponentially stable unpredictable solution.

Proof. One can easily see, proceeding in the way of the last theorem, that there
exists a unique solution w(t) € U for system (1.4.1). The solution is uniformly
asymptotically stable. What is left is to show that the unpredictability property is
valid.

One can find a positive number k and natural numbers [,k and j = 1,...,p,
such that:

k<o (1.4.10)
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|fj(tn + up +5,%) — fj(up +5,0)| = &/2,||x|| <H,|s| <k,n€N, (1.4.11)

1 2 3
x(1/4 - DL ||A||)) >, (1.4.12)

11
ot +s) — w(@®)|| < eomin (k 41) tER|s| < k. (1.4.13)

Let the numbers k, [, and k as well as a number n € N, be fixed. Denote A=
= |lo(t, + u,) — w(uy,)|| and consider two alternave cases (i) A= /1, (ii) A<

&/
(i) By (1.4.13) we have that:

lw(t +t,) —w®l] = [lolty + un) — 0| = [lou,) — w®I] -

&o & &
—||w(t+tn)—a)(tn+un)|| = T—ﬂ—a=z, (1414)

ift € [u, —x,u, +x]andn € N.
(i1) One can find that from (1.4.13) it follows that:

llw(t + t,) — w(0)]| <—+£+ = 80(— —) (1.4.15)

if t€lu,u,+kK].
It is true that

w(t+t,) —w() =w(t, +u,) —w(u,) + j Alw(s + t,) —w(s)]ds +

n

+J [f(s+t,w(s+t,))—f(s,w(s))|ds, t €R. (1.4.16)

We obtain from (1.4.10) -(1.4.13) and (1.4.14) that

lw;(t + t,) — w; (D] = J Ifi(s + tn, (s + ) — fi(s, w(s + t,))|ds —

P
z aji[w;(s + t,) — w;(s)]|ds -

I
Un ] 1

- [ i 06+ 60 = fise@)lds - f
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K 1 2 1 2. & &
—|w;(ty +uy) — wj(u,)| = 5 ~ KLEo(T + E) - K||A||€o(7 Tt -T2
fort € [u, + k/2,u, + k.
Thus, the solution w(t) is unpredictable. The theorem is proved.
Example 5. Consider the function g(t,x) = (arctan(x) + 2)0(t) of two

vatiables t and x, where 0(t) = f_too e~2(E=9) () (s)ds, is the unpredictable function. It
Is easy to see that function g(t, x) is continuously differentiable, and bounded such

that sup |g(¢t,x)| = Z 4+ 1. Moreover, sup | M| =2
RXG 4 RxG 0% 2

Let us fix arbitrary compact interval I ¢ R and a positive number . We have
that |O(t + t,,) — O(t)| < € for t € I and sufficiently large n. Consequently,

lg(t + t,,, x) — g(t,x)| < |arctan(x) + 2||0(t + t,) — O(t)| < (g + 2)e.

Thatis g(t + t,,, x) = g(t,x) asn — oo uniformly for (t,x) € I X G.
On the other hand, it is true that |0(t + t,,) — O(t)| = &, for all
t € [u, — k,u, + k] and n € N. This is why, we obtain that

lg(t + tn, x) — g(t, x)| = |arctan(x) + 2[|0(t + {) — O(t)| = (—g +2)&,

for (t,x) € [u,, — k,u, + k] X G,n € N. Thus, g(t, x) is an unpredictable (strongly)
in t function.
Example 6. Let us consider the system of differential equations

x; = —3x; —x, —x3 +0.519(t, x3)
Xy = —X1 — 3X, — x5 + 0.62g(t, x;1) (1.4.17)
X5 =X, +x, —x3 +0.51g(¢, x3),

where g(t,x) is the function from Example 5. The eigenvalues of the matrix of
coefficients are equal to —2, —2 and —3. One can find that conditions (C2) — (C4) are
valid for system (1.4.17) withy = —2,K = 6 and L=0.31. According to Theorem
1.4.1, there exists the unique asymptotically stable unpredictable solution of system
(1.4.17). Figures 9, 10 show the simulation results for function (t), which
exponentially converges to the solution of system (1.4.17), with initial data

Y,(0) = 0.05,9,(0) = —0.1,95(0) = 0.15. They confirm the irregularity of the
dynamics.

39



Lha

“01F 4
-0.2F

0.2
N \/\/\/V\/\/\/W/\/\/U\/‘/V"\

t

Tty

Figure 9 — The coordinates of the function ¥ (t)
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Figure 10 — The trajectory of the function ¥ (t)
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2 UNPREDICTABLE OSCILLATIONS IN NEURAL NETWORKS

2.1 SICNNs with unpredictable oscillations

SICNNSs, which have been introduced by Bouzerdoum and Pinter [85, p. 215],
plays an exceptional role in psychophysics, robotics, adaptive pattern recognition,
vision and image processing. Therefore, they have been the subject of intense
analysis be numerous authors in recent decades [89-94].

In its original formulation [85, p. 215], the SICNNs model is a two-
dimensional grid of processing cells. Let C;; denote the cell at the (i, ) position of

the lattice. Denote by N,.(ij) the r —neighborhood C;;, such that

N,.(ij) = {Ckpimax(lk —il,[p—j) <7r, 1<k <m,1<p<n},

where m and n are fixed natural numbers. In SICNNs, neighboring cells exert mutual
inhibitory interactions of the shunting type. The dynamics of the cell C;; is described

by the following nonlinear ordinary differential equation,

dx;;
;t] = —QXij — Z Cilj'pf(xkp(t))xif(t) + i (0), 211

CkaNr(i:j)

where x;; is activity of the cell C;;, the constant a;; represents the passive decay rate
of the cell activity, Ci'j.p > 0 is the connection or coupling strength of postsynaptic
activity of the cell Cy, transmitted to the cell C;; and the activation f(x,) is a
positive continuous function representing the output or firing rate of the cell Cy,,
v;;(t) is the external input to the cell C;;.

Let us denote by A the set of functions u(t) = (Uyq, oo Uspy oo U we» Unn )
t,u;; ER,i=12,...,m,j=12,...,n where m,n € N, such that:
(A1) functions u(t) are uniformly continuous and there exists a positive number H
such that ||u||; < H forall u(t) € A;
(A2) there exists a sequence t,, t, — o as p — oo such that for each u(t) € A the
sequence u(t + t,) uniformly converges to u(t) on each closed and bounded interval
of the real axis.

The following assumptions will be needed (C1) the function v(t) =
= W1t V1o Vmi-o s Vmn), LV ERI=12,...,m,j =1.2,...,n, in system
(2.1.1) belongs to A and is unpredictable such that there exist positive numbers
8,& > 0 and a sequence t, — o as p — oo, which satisfy [|[v(t + t,) —v(t)|| = &
forallt € [s, — 6,s, + 6], and p € N.

(C2) for the rates we assume that y = T(Tll%l a;;>0andy = rgc]l)x ajj,

(C3) there exist positive numbers m;; and m; such that sup |v;;| <m;; for all
teR

i=1,...mj=1,..,n,and sup |f(s)] < myg,
|s|<H
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(C4) there exists Lipschitz constant L such that |f(s;) — f(s3)| < L|s; — s,| for all
$1,S2, 51| < H,| s3|<H;

Kk . .
(C5) (LH + my) Tgf})?CZCkpewr(i,j) Cf <yforalli=1,..mj=1,.,n

Likewise, to the result in [88, p. 10], one can verify that the following assertion
is valid.
Lemma 2.1.1. A bounded on R function y(t) = {y;; (t)}, i=1,..,m, j =

1,...,n, is a solution of SICNNs (2.1.1) if and only if the following integral equation
Is satisfied:

yy@==[ e N ) — vy |ds  (212)

CkaNr(i:j)

foralli=1,..,mj=1,..,n
Define on A the operator IT such that Iu(t) = II;;u(t),i = 1, ...,m,
j=1,..,n, where:

Iu(t) = —j_ e ~%ij(t=s) z Ci’j.pf(ukp(s))uij(s) —v;i(s)|ds. (2.1.3)

Ckp ENy(i,))

Lemma 2.1.2. If u(t) € A then IMu(t) € A.

Proof. Fix a function u(t) € A, is not difficult to show that ITu(t) satisfies the
condition (A1).

Now, let us fix a positive number € and a finite interval [a, b] € R. Consider
numbers ¢ < a and & > 0, which satisfy the following inequalities,

2 kp 2 —y(a-c) < &
—| max C;;”(mgH+LH?) +1 |e <z (2.14)
v\ @) Y 2
CkpE€Nr(i,))
and
f kp €
— r(r}z;g( Cjj (mg+LH)+1 )< > (2.1.5)
y ’ CkaNr(i»j)

We will show that [|TTu(t + t,) — Iu(t)|| < € on [a, b] for sufficiently large
p. Let p be sufficiently large number such that ||u(t + t,) —u(t)|| < ¢ and
[lv(t +t,) —v(t)|| <&on[cb]. Thenforall t € [a,b] itis true that:
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= j_ooe_Y(t_S) (ck ;a h Cii? | uigp (D) gy (8) = wyy (s + £,)] +

+ [f (ukp(s)) —f (ukp(s + tp))] ul-j(s + tp)|+|vij(s + tp) — vij(s)Dds +

e O D) (5) — (s + )] +
¢ CkaNr(i:j)

+Hf (Up (5)) — fuip(s + tp))]uij(s + tp)| + [v(s + &) — vy (s)ds| +

1
= —| max z /P (2meH + 2LH?) + 2H |e™7@ 9 +
v\ @n -y

CkaNT(l:J)

+i max z CfP (mp +LH) +1 |,
y\ @h) Y
CkaNr(i'j)

foralli=1,..,m,j=1,..,n. Now inequalities (2.1.4) and (2.1.5) imply that
[[TTu(t + t,) — Hu(t)|| < e for t € [a,b]. Since ¢ is arbitrary small number, the
condition (A2) is valid. The lemma is proved.

Lemma 2.1.3. The operator II is contractive in A.

Proof. For two functions ¢,y € A, and fixedi = 1,...,m,j = 1,...,n we have
that

M0 (t) =9 (0)] <

< j_t o~V (t=5) z Cl-lj-p |f (‘Pkp(S)) ®;;(s) _f(Qka(S)) ¢ij(5)| ds +

Cep €N (1))

H e I Oy ~ WDy O)lds <

CkaNr(i,j)
(LH + my) k
< —max E C. P — .
Y (i) ij ||(p lp”l

CkaNr(iJ')
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This s why (Il — pll; < “"2max S, en, i) Ci 19— $lls. Then
condition (C5) implies that the operator IT is contractive in the set A. The lemma is
proved.

Theorem 2.1.1. Suppose that conditions (C1) — (C5) are valid, then the system
(2.1.1) possesses a unique asymptotically stable unpredictable solution.

Proof. Let us show that the space A is complete. Consider a Cauchy sequence
¢, (t) in A, which converges to a limit function ¢(t) on R. It suffices to show that
¢(t) satisfies condition (A2), since condition (A1) can be easily checked. Fix a
closed and bounded interval I ¢ R. We have that

||¢>(t +t,) - ¢>(t)|| < ||q5(t +t,) — ¢t + tp)|| +1pw(t +t,) — dr (O] +
P (@) — P (O)]l. (2.1.6)

Now, one can take sufficiently large p and k such that each term on the right
hand-side of (2.1.6) is smaller than g for an arbitrary positive € and t € I. The

inequality implies that || (¢ + t,) — ¢(t)|| < € on I. That is the sequence ¢ (¢ + ¢,,)
uniformly converges to ¢(t) on I. The completeness of A is proved. Now, by the
contractive mapping theorem, duo to Lemmas 2.1.1 and 2.1.2, there exists a unique
solution w(t) € A of the equation (2.1.1).

One can find a positive number x and natural numbers [ and k such that the
following inequalities are valid:

K <96; (2.1.7)
! 1+2 V + z ckp + LH >3- 218
CkaNr(lJ)
11
|wij(t+5) — wi (O] < gmin(, D, t ERIs| <, (2.1.9)

foralli = 1,2,...,m,j = 1,2,...,n.

Denote A= |w;;(t, +sp) — w;;(sp)| and consider two cases: (i) A< &/1;
(if) A= g,/ such that the remaining proof falls into two parts.

(i) From (2.1.9) it follows that:

€ €0  &o

1 2

|w;ij(t+5) —wi(D)] <

if ¢ € s, 5, + k. Itis true that:
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a)ij(t + tp) - wij(t) = a)(tp + Sp) — w(sp) —

— ftaij (w(s + tp) — w(s)) ds — ft(vij(s + t,) —v;(s))ds —

p p

- Z Ci'j-” (f (Wip(s + t,))w;5(s + t) = f(wp(8))w;5(s))ds. (2.1.11)

S ..
P Cyp€ENy(i,))

We obtain from (2.1.7), (2.1.8) and (2.1.10) - (2.1.11) that:

i (t +5) — wy (B)] j vy (s + £) — vy ()]ds — [w(ty + 5,) — w(5,)] —

p
t

t
—f aijlw(s + t,) — w(s)|ds — f 2 CEP | (wip(s + t)) i (5 + ) —
’ %P Ciep€Ny (i)

1 2
—f(a)kp(s))wij(sﬂdszSOE—%—SOK(T+E)(?+ Z Ci'j.p(mf+LH))

2 .
CkaNr(lJ)

B 1 1 2 kp 3¢
= e 5— (DT + 2 CEP (my + L)) | 2 =2,
CkaNr(i'j)
fort € [sp +§,sp + KZ].
(i) For the case A> ¢, /1, it can easily find that (2.1.9) implies:

||“)(t+ ty) —w(t)|| = ||“)(tp +5p) _“)(Sp)” - ||w(5p) - w(t)|| -
g £
—llo(t+t) —w(ty + )l = - — 21— 2=

ift € s, — ks, +x|]andp € N.
Thus, one can conclude that w(t) is unpredictable.

Finally, we will discuss the stability of the unpredictable solution w(t). It is
true that:

w;;(t) = e_aij(t_tO)wij(tO) -

t
e K
_f o= (t=5) E C f (@ip(8))wij (s) — vij(s) | ds,
to Crp M (i)
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foralli = 1,2,...,m,j = 1,2,...,n.
Let z(t) = (z11(t), z12(t), ..., Zmn(t)) be another solution of system (2.1.1).
One can write:

z;i(t) = e_aif(t_tO)Zij(to) -

~ el Y e g s0ay(s) — vy o) | ds

0 Ckp ENr(i,j)

foralli = 1,2,...,m,j = 1,2,...,n. Making use of the relation:
z;;(t) — w;;(t) = e_a”(t_t")(zij(to) — w;j(ty)) —
‘ k k
el N g Y ) |ds
to CkpENr (L)) Crp€Nr (L))
we obtain that:

12 (1) — wij(B)] < e_y(t_t°)|zij(to) — w;j(te)| +

t
(e k
+mfjt e V(=) Z Ci |2 (s) — wy(s)|ds +

0 CRPENT(i'j)
t
+LH j e N P2 (5) — wy()]ds <
fo CrpENy (i)
< e_y(t_t°)||2ij(to) — w;;(te)|] +

t
+mfft e V(=9 Z Ci’;p ||zij(s) — wl-j(s)|| ds +

0 Crep €N (1))

t
— - k
+LH [N g () - wyo)lids,
t

0 Ckp ENy(i,))

foralli = 1,2,....,m,j = 1,2,...,n.
Thus, one can be confirmed that:
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t
12(t) — w (@] < e |2(tp) — w(to)|| + D f e 7 9 |2(s) — w(s)|ds,
to
where D = (LH + my) r{}%z%em(u) Ci'j.p. Multiplying both sides of the last
inequality by et we obtain that:
t

e’||z(t) — w(®)|] < e¥'||z(to) — w(to)l + DJ e?||z(s) — w(s)||ds.

to
Now, applying Gronwall-Belman Lemma, one can attain that:
l12(t) — w(®)|] < [|2(to) — w(ty)||e PV Eto),

The last inequality and condition (C5) confirm that the unpredictable solution
w(t) is uniformly asymptotically stable. The theorem is proved.
Example 7. Let us introduce the following SICNNSs:

dx;;
U —agry = Y P GOy + vy, (2112)

Crp€N1 (L))

where =1,2,3, ay; =4,a,, =2,a,3=7,a,; =5,a,, =9,a,3 =6,C;; = 0.03,
C;, = 0.05,C;3 = 0.01,C,; = 0.06,C,, = 0.04,C,5 = 0.05. The functions are
defined as f(s) = 0.25arctg(s), vy1(t) =403(t) +5, v,(t) =-=50(¢t) + 1,
v13(t) = 203(t), v,1(t) = 60(t) — 1, v,,(t) =30(t) + 2, v,3(t) =—0(t) + 3,
where O(t) = f_too e~ 23(t=9)(s)ds is the unpredictable function. Moreover,
according to the Definition 1.1.1 and properties of unpredictable functions, the
function v(t) is unpredictable. We have that |v;;(t)| < m;;, where m,; = 1.26;

my, = 3; my3 = 0.13; m,; = 3.4; m,, = 3.2; m,; = 3.4. One can calculate that
k k k
chpEN1(1,1) Cllp = 0.18, ZCkaNl(l,Z) Clzp = 0.24, chpEN1(1;3) Cl?? = 0.15,

Yeoemen Cof =018, Yy eny22) Cay = 024, S eny23) Con = 0.15. The
conditions (C1) — (C5) hold for the network (2.1.12) withy = 2,y =9, L = 0.25,
ms = 0.3925,and H = 1.5,

Figure 11 shows the coordinates of the function w(t) with initial values
w11(0) = 1.21, w;2(0) =0, w;3(0) =0.02, wy,(0) =0.25, w,,(0)=0.23,
w,3(0) = 0.41. The function w(t) exponentially tends to the unpredictable solution
x(t) of the equation (2.1.12), as time increases.
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Figure 11 — The coordinates of the function w(t), which exponentially tends to the
unpredictable solution x(t) of the equation (2.1.12), as time increases

2.2 Strongly unpredictable oscillations of SICNNs

Despite the fact that the concepts of unpredictable and strongly unpredictable
solutions are close, and the proof from existence and uniqueness is largely similar, we
believe that it is logical to reproduce the complete proof of a strongly unpredictable
solution in our research. In addition, the dynamics of each coordinate is very
important in neural networks and this entails additional conditions.

Next, we consider following SICNNSs:

dx;i i _
dt

“byxy— ) D fCapx® + gy(®, @21

ka ENy(i,)

with strongly unpredictable perturbations.
Let us denote by B the set of functions wu(t) = (U1, «-o) Uiy o U1 oo Umn ) &
u; ERi=12,...,mj=12,...,n where m,n € N, such that:
(B1) functions u(t) are uniformly continuous;
(B2) there exists a positive number H such that ||u||; < H for all u(t) € B;
(B3) there exists a sequence t,, t,, — o as p — oo such that for each u(t) € B

the sequence u(t + t,) uniformly converges to u(t) on each closed and bounded

interval of the real axis.
The following conditions will be needed:

(D1) the function g(t) = (g11, -»G1n> 1 Gm1 - Gmn)r 6, Gij ER, T =
1,2,..,m,j=1,2,..,n,in system (2.2.1) belongs to B and is strongly unpredictable
such that there exist positive numbers §,s, > 0 and a sequence t, — o as p — o,
which satisfy |g;; (¢t + t,)—gi; ()| = & forall t € [s, — 8,5, +8],i=1,..,m
j=1,...,n,andp € N.
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(D2) y < b;j <y, where y,y are positive numbers;

(D3) |g;;(t)| < m;;, where m;; are positive numbers, forall i = 1, ..., m,
j=1,...,n,and t € R;

(D4) |f(s)| < mg, for |s| < H and some constant m, > 0;

(D5) there exists a positive constant L such that [f(s;) — f(sy)| < L|s; — s,
forall s, s,,|s;| < H,|s,| < H;

(D6) m; 2 DI < by

kaENr(i'j)
m;; . .
(D7) " <H(foralli=1,..,mj=1,..,n
bij = My Lpypen, i) Dij
(D8) (LH + m¢) max DP < Y.
12w Y
kaENr(i:j)

j,foreachi =1,.mj=1,..,n

Likewise, to the result in Hartman [88, p. 10], one can verify that the following
assertion is valid.
Lemma 2.2.1. A bounded on R function y(t) = {y;; ()}, i=1,..,m, j =

=1,..,n, is a solution of SICNNs (2.2.1) if and only if the following integral
equation is satisfied

— _ ‘ —bii(t—s) kp _
yij(t) = j_e J z Di;" f Wip($))yij(s) — gij(s)|ds  (2.2.2)

kaENr(i:j)

foralli=1,..,mj=1,..,n
Define on B the operator IT such that Mu(t) = I;;u(t),i = 1,...,m,
j=1,..,n, where

— _ ‘ —bij(t—s) kp .
Myu@ == [ e Y D (D) - gy (5) | ds. (223)

kaENr(i:j)

Lemma 2.2.2. If u(t) € B then lu(t) € B.
Proof. Fix a function u(t) € B. One can find that

M@l < [ e DI (g )] + gy ()] | ds <

kaENr(i:j)

1
< —(Hm; > D +m, (2.2.4)
ij

kaENr(i;]')
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for all i=1,..,m,j=1,..,n According to conditions (D6), (D7) we have that
[Tu(t)]], < H.
Uniform continuity of function IMu(t) follows from estimates:

oI, ;u(t)
‘ l(]3t = z Dikjpf (ukp(s)) w;j(s) — gij(s) —
kaENr(i:j)
_ ‘ —b;i(t-s) kp _
bijj | ey D;; f(ukp(s)) u;;i(s) — gi;(s)|ds| <

— 00

kaENr(i:j)

< (Hmy 2 D;F + H) +£(Hmf Z Di¥ + H) =
Dyp€ENy(i,)) Dyp€Ny(i,))

Y k
= (1+;)H(mf E D’ +1) < oo
kaENr(ixj)

for all i=1,..,mj=1,..,n. That is the condition (B1) is valid, since the
derivatives are bounded.

Let us fix a positive number ¢ and a finite interval [a,b] € R. Consider
numbers ¢ < a and & > 0, which satisfy the following inequalities,

2H kp €
— | max z D;;” (ms+LH) +1 e r(@= < (2.2.5)
Yy \ @D J 2
kaENr(i:j)

i max z DfP (me+LH)+1 | < £
y\ @ A 2
Dyp€Ny(i,))

(2.2.6)

We will show that [|TTu(t + t,) — Iu(t)|| < € on [a, b] for sufficiently large
p. Let p be a large enough number such that ||u(t + t,) — u(t)|| < ¢ and
llg(t+t,) —g®]| << on[cb]. Thenforall t € [a, b] it is true that:

< j_ e 7(t=s) ( Z Dikjplf(ukp(s))[uij(s) —u;(s+t,)] +

kaENr(i,j)
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+ [f (ukp(s)) —f (ukp(s + tp))] ul-j(s + tp)|+|gij(s +t,) — gij(s)Dds +

[ eI DI (D) (5) = w5 + )] +

kaENr(i,]')

+[f (Wiep (5)) — f(Ukp(s + tp))]uii(s + tp)| +19:(s + ) — gi;(s)Dds| +

max Z Dikjp (2meH + 2LH?) +2H |e77(@~9) 4
’ kaENr(i:j)

i max z DiF (mg + LH) +1 |,
kaENr(iJ.)

for all i=1,..,m,j=1,..,n. Now inequalities (2.2.5) and (2.2.6) imply that
[[TTu(t + t,) — Hu(t)|| < e for t € [a,b]. Since ¢ is arbitrary small number, the
condition (B3) is valid. The lemma is proved.

Lemma 2.2.3. The operator II is contractive in B.

Proof. For two functions ¢,y € B, we have that:

M0 — ;)| <

< j_t oY (t=s) Z lefjp |f (<Pkp(8)) @i (s) —f(gokp(s)) ¢ij(S)|dS +

Diep €Ny (i.J)

H e N DI (D) — f (Db lds <

kaENr(i,j)

<=—Lmax > Dllg - vl
)4 @.J) .
Dyp€Ny(i,J)

(LH+my) k
» ! rg%(ZkaENr(i,j) Dijp“(p —Y|l;.  Then

condition (D8) implies that the operator IT is contractive in the set B. The lemma is
proved.

Theorem 2.2.1. Assume that conditions (D1)-(D8) are fulfilled, then the system
(2.2.1) possesses a unique asymptotically stable strongly unpredictable solution.

This is why ||llp —yY||; <
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Proof. Let us show that the space B is complete. Consider a Cauchy sequence
¢ (t) in B, which converges to a limit function ¢(t) on R. It suffices to show that
¢ (t) satisfies condition (B3), since other two conditions can be easily checked. Fix a
closed and bounded interval I ¢ R. We have that:

||¢>(t +t,) — ¢(t)|| < ||¢(t +t,) — dp(t+ tp)|| + |t +t,) — dr (O] +
+ P (t) — POl (2.2.7)

Now, one can take sufficiently large p and k such that each term on right hand-side
of (2.2.7) is smaller than § for an arbitrary positive € and t € 1. The inequality implies

that [|¢(t+t,) —¢(@)|| <e on I. That is the sequence ¢(t+t,) uniformly

converges to ¢(t) on I. The completeness of B is proved. Now, by the contractive
mapping theorem, duo to Lemmas 2.2.2 and 2.2.3, there exists a unique solution
w(t) € B of the equation (2.2.1).

Next, using the relations:

t
a)ij(t) = wij(sp) —J bijwij(s)ds -
Sp

_j Z Dl.kjpf(a)kp(s))wi,-(S)dS-Fj gij(s)ds

Sp kaENr(i,j)

and

t
(,()”(t + tp) = wij(tp + Sp) —f bijwij(s + tp)dS -
Sp

t t
2 : k
—j Dijpf (Wip(s + tp))w;i(s + t,)ds + J gij(s + t,)ds,
%P Diep €N (i) P

we obtain that:

wii(t+t,) —wi;(t) = w(t, +5,) —w(sp) —

- ftbij (w(s +t,) — w(s)) ds — ft(gij(s + t,) — gij(s))ds —

p

—j z Dik,-p (f (wip(s + tp))wij(s + tp) — f(wip(s))w;i;(s))ds. (2.2.8)
5P Drp€Ny(i.)
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There exist a positive number k and integers [, k such that the following
inequalities are valid:

K < 5; (2.2.9)
LA g+ z D (m, + LH)) | = =; 2210
K > (l k)(V Ny ij (my ) =57 (2.2.10)
Dyp€Ny(i,))
11
lw;j(t +5) —w;; ()] < €omm(z,4—l),t ER, [s]| <k, (2.2.11)

foralli = 1,2,...,m,j = 1,2,...,n.

Let the numbers «,l and k as well as numbersp e N,and i = 1,2,..,m,j =
1,2,...,n, be fixed. Denote A= |w;;(t, +s,) — w;j(sp)| and consider two
alternative cases: (i) A< gy/l; (ii) A= g5/l such that the remaining proof falls
naturally into two parts.

(i) From (2.2.11) it follows that:

€ . €o
— 4 — =

1+2 2.2.12
k k 80(7 E)’ ( el )

&E
Wi (t+5) — w;(t)] < TO +
ift € [sp,sp + K].
The inequalities (2.2.9) -(2.2.12) imply that:

t
jwi (£ +5) — wy (O] = j 195(5 + £5) — gy ()]ds — [ty +5,) — w(s,)] -
P t

t
—j bijlw(s +tp) — w(s)|ds — _[ z Dl-kjp If (wip(s + tp))w;(s + t,) —
P Sp kaENr(i:j)

0 1.2y _
—f(wkp(s))wij(s)ldsZsog—%—sok(7+z>(y+ Z Dl.kjp(mf+LH))

kaENr(i;j)

1
2

B 1 2 kp 3¢
= e 5 (DT + Z D Gmp +LH)) | 25
Dyp€Ny(i,))
K
fort € [sp +E'SP + K].
(ii) For the case A> ¢,/l,and eachi = 1,2,...,m,j = 1,2,...,n, itcan
easily find that (2.2.11) implies:
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|wij(t +ty) — 0 (O] = |wij(ty +5p) — wij(sp) ] = lwi(sp) — @i ()] =

&
—la)l](t+tp)—(1)l](tp+5p)| = T _ﬂ_a=z,

ift € [s, — K, s, + k] and p € N. Thus, one can conclude that w(t) is a strongly
K

unpredictable with 5, = s, + %’C, 6=+
Finally, we will discuss the stability of the solution w(t). It is true that:

w;;(t) = e_bij(t_tO)wij(to) —

—J e ~bij(t=9) Z D f (@rp(s)wij(s) — gi(s) | ds,

° kaENr(i'j)
i =12,...mj = 12,...,n

Let z(t) = (z11(t), 212(t), ..., Znmn (t)) be another solution of system (2.2.1).
One can write:

z;j(8) = e Pult=to)z, . (¢)) —

[ el Y D (50)75(5) — 95| s

0 DRPENr(i,j)

foralli = 1,2,...,m,j = 1,2,...,n. Making use of the relation
z;j(£) — w;(t) = e Pt (z;,(¢y) — wy;(to)) —

‘f et N DI f@ip@wg(s) = ) DIz (s)z(s)]| ds,

0 Dp€N(i.J) Dyp€Ny(i.))
we obtain that

|Zij(t) - wl](t)l = e_Y(t_tO)lzij(to) - wij(t0)| +

t
—v(t— k
"‘mfj; e 7= Z D;P|2i5(s) — wi;(s)|ds +

0 kaENr(i;]')
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t
+LHf J z Dikjp|ka(s) — (Uij(S)'dS <
to kaENT(i’j)
< e V]| 25(t0) — wyj (to) | +

t
+m; | eV z ijp ||Zij(S) — a)l-j(s)|| ds +

t .,
° kaENr(l,])

t
— - k
HLH [N D5y (5) - 0y(o)llds,
t

0 kaENr(i'j)

foralli = 1,2,...,m,j = 1,2,...,n.
Thus, one can be confirmed that:

t

12(8) — (@] < e |2(t) — w(to)l] +FJ e 7 I|z(s) — w(s)llds,

where F = (LH + mg) max Yp,_en. (i) DFP. Multiplying both sides of the last
@) p=Rrinll Uy
inequality by et we obtain that:
t
e’||z(t) — w(D)| < e¥*|z(ty) — w(to)ll + Fj e’*||z(s) — w(s)||ds.
to
Now, applying Gronwall-Belman Lemma, one can attain that:

12(6) — w(OI] < |2(to) — w(to)||e "5,

The last inequality and condition (B8) confirm that the strongly unpredictable
solution w(t) is uniformly asymptotically stable. The theorem is proved.
Example 9. Consider the following SICNNSs:

dxij kp
L= b= ) D f OO +gy®),  (2213)
kaENl(itj)
where i,j = 1,2,3,
byy bi; by3 3 8 4 Di1 Dip; D 0.04 003 0
<b21 bzz b23>=<5 9 6), <D21 Dzz D23)=<0.07 0.06 0.02),

b3y b3, bz D;; D3, Dss 005 0 0.08



and f(s) = 0.05arctg(s), g1 (t) = 2503(t) + 1, g,,(t) = 40(t), g13(t) =
=—30(0)+2, g:1(0) =20(0) +2, gy(t) =170°(1), gp3(t) =190(6) — 1,
gz1(t) = =70(t) + 2, g5, (t) = 30(t), gs3(t) = —1303(¢t) + 2, where O(t) =

= f_tooe‘3(t‘s)ﬂ(s)ds Is the unpredictable function. Moreover, according to the
properties of unpredictable functions, the functions g;;(t),i = 1,2,3,j = 1,2,3, are
unpredictable. We have that | g;;(t)| < m;;, where my; = 1.93; m;, = 1.34;

Mmy3 = 3; My, = 8; My, = 2.67; my3 = 7.34; my; = 4.34;, ms, = 1; my3 = 2.49.
One can calculate that Yp, e 11 DIP = 0.20, Y DipEN: (12) D =0.22,
Soeenan Dy =011, Sp v Dyl =025 oo en,ea Dyt = 0.35,
Sopemen Doy =019, TpemenDsl =018, Tpen, a2 Dy = 0.28,
ZkaENl(&?,) D;‘f = 0.16. The conditions (B1) -(B8) hold for the network (2.2.13)
withy = 2,7 =9, m; = 0.079, L = 0.05and H = 2.

In figure 12 we depict the coordinates of the function ¢ (t) with initial values
¢11(0) = 1.0245, ¢,,(0) =0.2996, ¢,5(0) =0.0837, ¢,,(0) = 0.8283,
¢,,(0) =0.0413, ¢,5(0) =1.8122, ¢3,(0) =1.0678, ¢3,(0) =0.2013,
¢33(0) = 0.0999. The function ¢(t) approximates the coordinates of the
unpredictable solution x(t) of the equation (2.2.13), as time increases. This can be
shown in the same way as for function ©(t). The 2-dimensional projection of the

same solution on the ¢, — ¢, plane and 3-dimensional projection on the ¢, —
¢, — P,3 space is shown in figure 13, respectively.
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Figure 12 — The coordinates of the function ¢ (t), which exponentially converge to
the coordinates of the strongly unpredictable solution of the SICNNs (2.3.13)
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Figure 13 — The 2 and 3-dimensional projection of the trajectory of SICNNs (2.3.13)
onthe ¢y — ¢1, plane and ¢, — ¢, — P35 Space

2.3 Unpredictable oscillations of INNs

Most of the INN models are different from the traditional neural networks [85,
p. 215; 95, 96] described by the first-order differential equations and it is more
complex and more difficult to discuss their dynamical behaviors. Moreover, there
exist significant backgrounds for investigating the inertial term in neural systems. For
instance, the squid axon has a phenomenological inductance (Mauro, Conti, Dodge,
and Schor, 1970) [97], the quasiactive membrane behavior of neurons can be
modeled by adding inductance which makes the membrane to have electrical tuning,
filtering behaviors (Koch, 1984) [98], the membrane of a hair cell in semicircular
canals, can be implemented by equivalent circuits that contain an inductance
(Angelaki and Correia, 1991) [99]. Therefore, some authors investigated neural
networks by adding inertia. For, example, BAM neural networks [100-105], inertial
CGNNSs [106, 107], electronic neural networks with inertia [108], inertial memristive
neural networks [109-111] have been studied.

Let us consider the following INNs:

p
d?x; dx;

j=1

where t,x; € R,i = 1,2,..., p, p denotes the number of neurons in the network;

x;(t) with i =1,2,...,p, corresponds to the state of the unit i at time t; the
second derivative is called an inertial term;

b, > 0,a; > 0 are constants;

fi with i =1,2,...,p, denote the measures of activation to its incoming
potentials of ith neuron;
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c;j foralli,j = 1,2,..., p, are constants, which denote the synaptic connection
weight of the unit j on the unit i;

v;(t) are external inputs on the ith neuron at time t.

We assume that the coefficients c;; are real, the activation functions f;: R - R
are continuous functions satisfy the following condition:

(1) |fi(x1) — fi(xx)| < Li|x; — x| for all x;,x, € R, where L; >0 are
Lipschitz constant, foralli = 1,2,...,p,and max L; = L.

By introducing the following variable tlr:r:sf}ormatlon:
yi(t) =i l( ) +Gxi(t),i=1,..,p, (2.3.2)
the neural network (2.3.1) can be written as:
dxi(t) _ G 1
T ORe(O) (233)
dy;(t) Gi Gi
= (wg)no- (fibi -¢i(a 5)) () +
p
) cufy(0) + i), (2.34)
j=1

According to the results in [112], the couple x(t) = (xl(t),xz(t), ...,xp(t)),

y(t) = 1(£), y2 (1), ..., yp(t)), is a bounded solution of (2.3.3), (2.3.4), if and only
if the next integral equations are satisfied:

% () =1, f e_%(t_s)yi(t)ds, (2.3.5)
t ~(a-E)e-9) i p
= [ e (b= G = Ex© + 6 ) ey (50) +
_oo j=1

+&v;(D)]ds, (2.3.6)

where i = 1, ...,p. In what follows, we shall focus on the integral equations (2.4.5)
and (2.3.6).
Denote by X the set of vector-functions, ¢ (t) = (@1, ¢2,-.., P2p), such that:
(K1) functions ¢(t) are uniformly continuous;
(K2) there exists a positive number H such that ||@||; < H for all ¢(t);
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(K3) there exists a sequence, t,, = o asn — oo such that ¢ (t + t,,) uniformly
converges to ¢(t) on each bounded interval of the real line.
Define on X an operator I1, such that:

M) = (11 (1), T4 (t), ..., Map@ap (L))

and
1 _Sicpo
M (1) =+ fe & S)<pi+p(s)ds, i=12,...,p, (2.3.7)
and
: _<ai—p_?._p>(t—5) (i—p
M (t) = je P [ $i—pbi—p — Ci—p | Ai—p — f_ ®i—p(t) +
p
tE, Z Ciamifi (@) + EpVip(®O]ds,  i=p+1,..2p.  (238)
=1

The following conditions will be needed throughout the paper:

(12) the functions v;(t),i = 1,...,p, in system (2.3.1) are unpredictable, they
belong to X and there exist positive numbers ¢,, § and the sequence s,, - o as n —
oo, such that |v;(t +t,) —v;(t)| = ¢, forall t € [s, — 6,5, +8],i=1,...,p, and
n € N;

(I3) there exists a positive number My such that |f;(s)| <My, i=
1,...,p,|s| <H.

Moreover, we assume that for positive real numbers ¢; and é;, i = 1,...,p the
following inequalities are valid:

(I4) a; >%+€i;{i >¢&>1;

(15) (@ =) = (14 (@ = ) = &bl + €0 > 0;

EMpYE_ cij
1o (a-—ﬁ)—(li(a-]—(—l")—]fb-|+§-) <t
l fl i i El [Aagt 2 l
1 di
(7) — (14 (@ = &) = &bil + L& )y ) < 1
iTE; t
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(18) max(— |¢; (al l) $ibi| + L& X5 ¢ij) < mln(— a; _% .
Lemma 2.3.1. The operator IT is invariant in X.
Proof. For a function ¢(t) € £ and fixed i = 1,...,2p, we have that

t

1 f (t
;)] =1+ | e <Pi+p(5)d5| <
S;i Zl

— 00

I<Pl+p(t)| < 7

fori=1,...,p,and

('

M (0)] = | j =)o [(ea_pbi_p — (al- . f{ Z)) iy (©) +
p

iy Y Cmpify (9/0) + Eipvip(©)]ds] <

j=1

t
< je‘(a" b >( =s) [1€i-pbip — Cip <ai_p ; p>|H+

p
+€i—p Z C(i—p)jMf + fi_pH]dS <

j=1

p
1 i—
< — Z, H(¢i—pbi—p — Cip <Cli —p g p) | +$ip +$ip z Cli-p)iMr) |
(a; — fi P J=1

fori=p+1,..,2p.
Conditions (15), (16) imply that |IT1;¢;(t)| < H, foreachi = 1,...,2p. So that
||Ip||; = max |I1;¢;| < H. Thus, condition (K2) is valid.
l

Let us fix a positive number ¢ and a section [a, b],—o0 < a < b < co. We will

show that for sufficiently large n it is true that ||Tl(t +t,) — He(t)||, < & on
[a, b]. One can find that

t

1 Sir—s)
Mipi(e + ) =M (O] = 1 = f e H (@i (s + t) — @isp())ds |,
l

fori=1,...,p, and
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[ ;(t + t,) — ;0 (0)] =

t —ai_ (i—p _ .
= | fe ( P 5i—p>( )[(fl —pbi—p — Ci_p(a;i—p _?___p))((pi—p(s + tn) — @i—p(s))
i-p

+ip 2 Cli-p)j (f,- (0 +t) = f; (‘pf(s))> *

j=1

Hi-p(Wip(s + t) — vip(s))]ds],

fori=p+1,...,2p.
Choose numbers ¢ < a and ¢ > 0, satisfying the following inequalities:

<
ZgH Y < (2.3.9)
Gi d i
( (1GiCa = ) = &bl + L&) e+ e “HO <o 2310)
4 El Jj=1
? < ; (2.3.11)
(a ._ﬁ) ¢ ( ) = Sibi| + L ?:1 cij) < 2, (2.3.12)

Consider the number n sufficiently large such that |@;(t + t,) — @;(t)] <&,
i=1,....2p,and |v;(t +t,) —v;(t)| <& i=1,...,p,on t € [cb]. Then, for all
€ [a, b], it is true that:

1 g(t 5)
[M;0;(t + t) — i (D] < |g e i (‘Pi+p(5 + ty) — <Pi+p(5)) ds|+
l
2L(t-s) Z(a-c)
|§— je T (§0i+p(5 + tn) QDH_p(S))dS| < (_e g + — {
l l l

fori=1,...,p, and

[T;; (t + t,) — M (0)] <
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<| j [(fi—pbi—p —Gip(aj_p — g_:i))((pi—p(s + tn) — @i—p(s))
p
+¢ip Z Cli-p)j (f] (‘Pj(S + tn)) — fj ((Pj(s))> +
=1

H$i-pWip(s + ) — vi_p(s))]ds| +

o)) Sicp
+] j S Gimpbiog = Giop @1mp = D) @1mps + 02) = 01(5))
i-p

p
+$ip Z Ci-p)j(fi(@i(s +t,)) — fi(@;(s))) + & p(Vip (s + t)Vi—p(s))]ds| <

=1

P Ji
= (2H |<l<al )= 4b, |+ 2018 ) ey +2HEe oo,
ai i j=1
1 ¢ i
+ — (1 (a; — =) — &EbilE+LE ) 58,
(Cli - %) ( El) ; !

fori=p+1,...,2p.
The inequalities (2.3.9) -(2.3.12) imply that ||TIg(t + t,) — e (t)]||, < &, for

€ [a,b]. Since ¢ is arbitrary small number, the condition (K3) is satisfied.
Condition (K1) follows from the boundedness of its derivative. The lemma is proved.
Lemma 2.3.2. The operator II is a contraction mapping on X.
Proof. For u, v € Z, one can attain that:

[TTu; (t) — v (D)] <

t
1 [ Sice—s 1
<1z [ e (wp©) = vy ®) ds < 2 1lu© = vl

[T;u; (8) — v ()] <
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(lp

< | f Gi-p & P =) [(fi—pbi—p - ci—p(ai—p - ?:;p))(ui—p (S) - vi—p(s)) +
l-p

p

i ) a5 (1) = £ (©)]ds] <

j=1

p
1 4
< g (G~ )~ fphiop iy > Pl = vl

(ai_f_l

. j=1
i

i=p+1,...,2p.

. - i _ 1 i
The last inequalities yield ||Hu—Hv||1—miax(€l ” _ﬁ)(l(l (al fi)_

&b + +LE; 5.’:1 cij))|lu — v||;. Hence, in accordance with condltlons (14), (17) the
operator II is contractive.

Theorem 2.3.1. Assume that conditions (I1) -(I8) are fulfilled. Then the system
(2.3.1) admits a unique asymptotically stable unpredictable solution.

Proof. Let us show that the space X is complete. Consider a Cauchy sequence
¢, (t) in X, which converges to a limit function ¢(t) on R. It suffices to show that
¢(t) satisfies condition (K3), since other two conditions can be easily checked. Fix a
closed and bounded interval I ¢ R. We have that:

ot + tn) — SOl = |9t +tn) — Pi(t + )| + [[Pw(t + )| — P (O] +
+Pw () — POl (2.3.13)

Now, one can take sufficiently large n and k such that each term on right hand-
side of (2.3.11) is smaller than § for an arbitrary positive € and t € I. The inequality

implies that ||¢ (¢ + tp) — ¢(t)|| < e onl. That is the sequence ¢ (t + t,,) uniformly

converges to ¢(t) on I. The completeness of X is proved. By the contractive mapping
theorem, duo to Lemmas 2.3.1 and 2.3.2, there exists a unique solution w(t) € X of
the equation (2.3.1).

Next, we prove the unpredictability property for w(t). It is true that:

6 = 0i(®) = 1+ 1) — i) — | % (i(s + t) — wi())ds +

Sn
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t
1
+ jg—(wiﬂ,(s +t,) — wi+p(s)) ds, fori=1,...,p, (2.3.14)
i
Sn

and

w;i(t + ty) — w;(t) = w;(sy + ) — w;(sy) —

— f (ai_p - Sii_:) (wi(s + ty) — wi(s))ds —

Sn

- j <€i—p <ai—p - 2—:Z> - Ei—pbi—p> ((‘)i—p(s + tn) — Wi—p (S)) ds +

n

p

+ f $imp Z Ci-p); (fj (wj(S + tn)) — f (wj(s)))dS +

J=1

t
+ jfi_p (Ui_p(S +t,) — vi_p(s)) ds, fori=p+1,...,2p. (2.3.15)

Sn

There exist a positive number k and and integer [ such that the following
inequalities are valid foralli = 1,..., p:

K <6, (2.3.16)
3 Z, , d 1 1
fur 2 g | (@ =) + 16(a = 2) — &byl + Lfi;cij trgton (2317)
kK _3( G
. T(K—i +1), (23.18)

and
wi(t+s)—w;(t) < %, fori =1,2,....2p, te R, |s| <k, (2.3.19)

where § satisfies to condition (12). Let the numbers k and [ as well as number n € N
be fixed.
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Let us, first, fix one of the coordinates i =p +1,p + 2,...,2p. The proof
naturally falls into two parts: (i) A; = |w;(t, + s,) — w;(s,)| = &,/ and

(it) Ay = |w;(tn + 5p) — wi(sp)| < & /L.
(i) For the case A; = &,/1, by (2.3.19) we get that:

lw;(t + t,) — w; ()] = |w;(t, + sp) — w;(sp)]| — |w;(sp) — w; ()] —

_la)l(t-l_tn)_wl(tn-l-sn)l2_0__0_ 0 > 0 0 > 0

— 25>, 2.3.20
L 412 412 — 1 212 21 ( )

iftels,—ks,+k],i=p+1,p+2,....2p,andn € N.
(if) From (2.3.19) it follows that:

lw;(t +t,) — w;(®)] < |w;(t, + sp) — w;(sp)] + |w;(sy) — w; (®)] +

&o &o 380
412 412 " 21’

Hlowi(t + ) = it +52)| <+ i=12,...2p, (2321)

ift € [sy, sy, + K]
Now, using (2.3.16), (2.3.21) and relation (2.3.15), we have that:

e+ ) = i1 2 | [ 6y (viopls + 60) = vy () ds =

Sn

—| j <ai—p - g—;i) (wi(s + tn) — wi(S))dS | —

t
Gi-
_l Sj ((i—p <ai—p - ﬁ) - fi—pbi—p> (wi—p(s + tn) - (‘)i—p(s)) ds | -

p

1 [ p " iy (@1 + 60) = £ () s | -

j=1

_lwi(sn + tn) - wi(sn)l =

_|_

3¢ i i
= fi—p‘golc - Zlo K (ai—p - g p) + ‘(i—p <ai—p - fl p) - Ei—pbi—p
i-p i-p
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p
&
+L€i—p z C(i—p)j — KTO, (2422)
j=1
forte[s,s,+kland i=p+1,p+2,...,2p. According to (2.3.17), from
(2.3.20) and (2.3.22) we got that:

£
|w;(t +t,) —w;(t)| = 2—(;,f0rt Elspsp+kl,i=p+1,p+2,...2p. (23.23)

Now, we show unpredictability for w;(t),i =1,2,...,p. Similarly to the
coordinates i =p+1,p + 2,...,2p, let us consider two cases: (i) A, = |w;(t,, +
+Sn) - wi(sn)l = ‘L:O/l2 and (") A, = |(‘)i(tn + Sn) - (‘)i(sn)l < go/lz_

(i) For A, > &,/12, by (2.3.19) we get that:

lw;(t + tp) — w; ()] = |w; (&, + ) — Wi (sp)]| — [w;(sn) — w; ()] —

€o €o &o

€o
—l(l)l(t + tn) - wi(tn + Sn)l > T - 412 - 412 = 22’ (2324)
ifte(s,—xs,+k], i=12,....2p,andn € N.
(i) If A, < g,/12, then from (2.3.15) and (2.3.23) it follows that:
t
1
01t + ) = O] 2 | [ = (01095 + ta) = 0125(5)) d] -
Sn
g
—|w;(sy +t) — wi(s,)| — f_l_(wi(s +t,) — w;i(s))ds| =
l
1 ;3
1o % S 3% (2.3.25)

> -_
=g 2 T

ift €[s,s, +k], i =1,.2,...,p. By inequality (2.3.18) we obtain that |w;(t + t,,) —

w;(t)| = 25102, fort € [s,, s, + k], i = 1,2,...,p. Thus, one can conclude that w(t) is

an unpredictable solution with &, = 2’% Sp =Sp + %K and§ =6 + g

Finally, we discuss the stability of the solution w(t). Let us define 2p-
dimensional function z(t) = (x;(t),...,x,(t), y1(t),...,¥p(t)), and rewrite system
(2.3.3), (2.3.4) in the vector form:

dz(t)

66



where matrix A = aliag(—ﬁ,...,—(—’f’,—(a1 —ﬁ),...,—(ap —6—”)) and F(t,z) =
fl fp El fp

(F1(t, 2),F5(t,2),..., F2p(t, 2)) is a vector-function, such that:
1 -
Fi(t,z) = ngp(t), i=1,..,p
l

and

Fi(t,z) = — <fi—pbi—p —(ip (ai—p - %)) zi_p(t) +

p

+Ei—p Z C(i—p)jf} (Z] (t)) + fi_pvi_p (t), [ = P + 1, . ,Zp

j=1

We denote A = m_in(§, a; — Sf—) and Ly = max(fl, 12:(a; — ?) — &b+
1 i i l i i

+L€l ?leij), i =1, w, P.
Consider
t

w(t) = eAt-tdy(t,) + f eAt=S)F (s, w(s))ds,
to

and another solution ¥ (t) of the system (2.3.26)
t
W(O) = eXP(e,) + | IR, p(s))ds
to
We have that
Hw(®) =@l <

t
< e MWDl aty) = pell + | eI Lellals) = p)lhds

to

fort > t,.
Applying Gronwall-Bellman Lemma, one can attain that:

lw(®) —=(Ollx < llw(to) — Yl eFrPE e > 1, (2.3.27)
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Condition (I18) implies that w(t) is uniformly exponentially stable solution of
the system (2.3.26).
Example 9. Let us take into account the system:

d2 ; d ; 3
j=1

i=123,a, =6,a,=5a3=7,b; =8b, =6,b; =8, f(x) =0.35arctg(x),

€11 €12 (13 0.02 0.03 0.02
<C21 C22 Cz3> = (0.04 0.05 0.01)
C31 C32 C33 0.03 0.06 0.02

and v, (t) = =5803(t) + 5,v,(t) = 7603(t) + 4, v3(t) = 420(t) — 3, 0(t) =
=f_tooe‘3(t‘s)ﬂ(s)ds. The function v(t) is unpredictable in accordance with

properties of unpredictable functions. The conditions (11) -(18) hold for the network
(23.28)with &, =&, = 2,865 =3,{; = {, = 4,{3 = 44, L = 0.35,M; = 0.56,

H = 2. It is not difficult to calculate that L = 0.57 and A = 1.47. Consequently,
there exists the unpredictable solution, x;(t), of the system. Since it is not possible to
indicate the initial value of the solution, we apply the property of asymptotic stability,
since any solution from the domain ultimately approaches the unpredictable
oscillation. That is, to visualize the behavior of the unpredictable oscillation, we
consider the simulation of another solution. We shall simulate the solution w(t) with
initial conditions w,(0) = 1.023, w,(0) = 1.516, w5 = 0.275.

Utilizing (2.3.27), we have that:

() — w(®ll1 < ll9(0) — w(0)|l,e*r~P < 2He™*% < 4e7%%,t > 0.

Thus, if t > %(Slnlo + In4) ~ 11.77, then ||@(t) — w(t)||; < 1075, and we

can say that the graphs of the functions match visually. In other words, what is seen
in figures 14 and 15 for a sufficiently large time can be accepted as parts of the graph
and trajectory of the unpredictable solution. Both of the figures reveal the irregular
behavior of system (2.3.28).

68



ik : . : : : :
11} \
3 105}
1 -
0'95 1 1 i 1 1

18}
3 1.4}
1.2

0.3} 1
502
0.1

0 10 20 30 40 50 60 70 80 90 100
t

Figure 14 — The coordinates of the function w(t), which exponentially converge to
the coordinates of the strongly unpredictable solution of the system (2.3.28)
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Figure 15 — The irregular trajectory of the function w(t)
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CONCLUSION

The thesis is devoted to the study of unpredictable oscillations of differential
equations and neural networks.

In the thesis the definitions of unpredictable sequences and unpredictable
functions are presented. An example of an unpredictable function is constructed.

Main results:

— the existence and uniqueness of uniformly asymptotically stable unpredictable
solution of linear differential equations;

— the conditions for the existence and uniqueness of uniformly exponentially
stable unpredictable and unpredictable solution of quasilinear differential equations;

— the existence and uniqueness of an asymptotically stable unpredictable and
strongly unpredictable solution of SICNNSs;

— the existence and uniqueness of an asymptotically stable unpredictable
solution of INNS;

— construction of unpredictable functions.

In each section, examples with numerical simulations are presented to illustrate
the feasibility of the obtained results.

The concept of unpredictable oscillations can be useful for finding more
delicate features in systems with complicated dynamics. In this framework, the
results can be developed for partial differential equations, integrodifferential
equations, functional differential equations, evolution systems, and neural networks.

Results have been supported as a part of the grant research project of the
Ministry of Education and Science of the Republic of Kazakhstan on fundamental
investigations in the field of natural sciences «Cellular neural networks with
continuous/discrete time and singular perturbations» (No. AP 05132573, 2018-2020).
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