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Mixed problems for degenerate multidimensional elliptic and elliptic-parabolic
equations

Structure and volume of the dissertation. The dissertation consists of an
introduction, three chapters (each containing 3 subsections), a conclusion, and a list of
references.

Number of figures and references. The work includes 115 references and 2
figures.

The actuality of the dissertation. In the mathematical modeling of
electromagnetic fields, it is known that the nature of the electromagnetic process
depends on the properties of the medium. If the medium is in an equilibrium state, then
according to Hamilton’s principle we arrive at multidimensional elliptic equations.

If the medium has high conductivity, multidimensional parabolic equations
arise. Consequently, the analysis of electromagnetic fields in a complex medium (for
example, with varying conductivity) leads to the study of multidimensional elliptic—
parabolic equations.

By methods of the theory of analytic functions of a complex variable, the well-
posedness of boundary value problems for elliptic equations in the plane has been well
studied. However, when the number of independent variables exceeds two,
fundamental difficulties arise in studying similar problems. Due to the absence of a
complete theory of multidimensional singular integral equations, the method of
singular integral equations loses its effectiveness.

At the same time, the theory of multidimensional spherical functions is well
developed. In generalized spaces, mixed problems for multidimensional hyperbolic
equations have been studied in sufficient detail; in a number of works, the existence of
a unique classical solution to these problems has been proven. Mixed problems for
multidimensional elliptic equations have also been investigated.

However, mixed problems for degenerate elliptic and elliptic—parabolic
equations have not yet been sufficiently studied. Therefore, the study of mixed
problems for degenerate elliptic and elliptic—parabolic equations is an akTyaabHOMH
scientific problem.

The aim of the thesis research. to prove the uniqueness of solutions to mixed
problems for degenerate multidimensional elliptic and elliptic—parabolic equations, as
well as to identify new qualitative and structural properties of the solutions.

The research problems:

a) to prove the well-posedness of the mixed problem for a degenerate
multidimensional elliptic equation, establish existence, and obtain an explicit analytical
solution; determine conditions ensuring uniqueness;



b) to prove well-posedness for a class of degenerate multidimensional elliptic-
parabolic equations, justify existence, construct explicit solutions, and prove
unigueness;

c) to study a generalized mixed problem for degenerate multidimensional
elliptic-parabolic equations, prove well-posedness, existence and uniqueness, and
derive explicit solutions.

The object of the research: Mixed problems for degenerate multidimensional
elliptic and elliptic-parabolic equations in a cylindrical domain.

The subject of the research: problems of constructing solutions to mixed
problems for degenerate multidimensional elliptic and elliptic—parabolic equations.

Scientific novelty

1. The existence of a solution to the mixed problem for degenerate
multidimensional elliptic equations is proved, its analytical form is obtained, and well-
posedness is established;

2. The uniqueness of the solution to the mixed problem for degenerate
multidimensional elliptic equations is proved;

3. For a class of elliptic-parabolic equations, the well-posedness of the mixed
problem is proved, solvability is established, and an explicit solution is obtained;

4. The uniqueness of the solution to the mixed problem for a class of elliptic-
parabolic equations is proved,;

5. The existence of a solution to the mixed problem for degenerate
multidimensional elliptic-parabolic equations is proved, an explicit solution is
obtained, and well-posedness is established;

6. The uniqueness of the solution to the mixed problem for degenerate
multidimensional elliptic-parabolic equations is established.

Main results submitted for defense:

— the well-posedness of the mixed problem for degenerate multidimensional
elliptic equations, the existence of its solution, its analytical representation, and the
unigueness of the solution;

— the well-posedness of the mixed problem for a class of degenerate
multidimensional elliptic—parabolic equations, the existence of a solution, its explicit
representation, and the uniqueness of the solution;

— the well-posedness of the mixed problem for degenerate multidimensional
elliptic—parabolic equations, the existence of a solution, its explicit representation, and
the uniqueness of the solution.

Theoretical and practical significance of the results obtained. The work is
predominantly theoretical in nature. The obtained results can be used in the study of
local and nonlocal boundary value problems for degenerate multidimensional elliptic
and elliptic—parabolic equations.

The solutions obtained in the work can be applied in the analysis of numerical
models of problems in gas dynamics, mechanics, biology, physics, economics, and
other fields.

Author’s contribution. All the main results presented in the dissertation were
obtained directly by the author. The formulation of the studied mixed problems, the
selection of methods for their analysis, the justification of well-posedness, as well as



the mathematical proofs of the existence and uniqueness of solutions were carried out
independently by the author.

The author obtained analytical solutions to the problems using expansion
methods in terms of spherical functions and Bessel functions.

The methods and approaches presented in the dissertation are a logical
continuation and development of the results published by the author in scientific
papers. These results have been tested at scientific conferences of various levels. In the
course of the work, the author conducted an analysis of scientific literature and
independently developed the theoretical provisions, proofs of theorems, and the
dissertation text.

Approbation of the research work. The main results of the work were
presented and discussed at the following events:

— IX International Scientific Conference “Problems of Differential Equations,
Analysis and Algebra”. Aktobe Regional University named after K. Zhubanov.
Aktobe, Kazakhstan (May 24-28, 2022);

— International scientific seminar “Problems of Differential Equations, Analysis
and Algebra”, dedicated to the 70th anniversary of Doctor of Physical and
Mathematical Sciences, Professor, Honorary Academician of the NAS RK K.K.
Kenzhebaev. Aktobe Regional University named after K. Zhubanov. Aktobe,
Kazakhstan (January 20, 2023);

— Traditional International Scientific Conference in April. Institute of
Mathematics and Mathematical Modeling. Almaty, Kazakhstan (April 2024);

— Scientific seminar “Problems of Applied Mathematics and Informatics”,
Aktobe Regional University named after K. Zhubanov, Department of Mathematics,
Aktobe, Kazakhstan (seminar leader: Doctor of Physical and Mathematical Sciences,
Professor Zh.A. Sartabanov), (2024-2026);

— International Scientific Conference “Fundamental and Applied Problems of
Mathematics, Mechanics and Informatics”, dedicated to the 70th anniversary of Doctor
of Physical and Mathematical Sciences, Professor Aibat Rafkhatovich Eshkeev.
Karaganda, Kazakhstan (June 3—4, 2026).

The international internship took place from March 28 to April 26, 2022, in the
Republic of Uzbekistan at Berdakh Karakalpak State University (Nukus).

Publications. A total of 9 works have been published on the topic of the
dissertation, including 3 publications in ranked scientific journals indexed in the
Scopus database, 2 articles in scientific publications included in the list recommended
by the Committee for Quality Assurance in Science and Higher Education of the
Ministry of Science and Higher Education of the Republic of Kazakhstan, 1 article in
a scientific journal, as well as 3 articles in the proceedings of international conferences
and seminars.

The main content of the dissertation. The dissertation consists of an
introduction, three chapters, a conclusion, and a list of references. Each chapter, in turn,
is divided into several subsections.

In the first chapter of the dissertation, mixed problems for degenerate
multidimensional elliptic equations are considered.



1.1 Let us consider the formulation of a mixed problem for
multidimensional elliptic equations.

Let D, be a cylindrical domain of the Euclidean space E,,,; of points
(x4, o)X, t), bounded by the cylinder T = {(x,t):|x| =1} and the planes
mwiockocTsiMu t =a > 0 and t = 0, where |x|is the length of the vector x =
(X1y veer X))

The parts of these surfaces forming the boundary dD,, of the domain D, are
denoted by Iy, S, S, respectively.

Definition. Let D ¢ R™ be an open domain, and let I be the boundary of the
domain D. In the domain D, the functions a;;(x), b;(x), c(x)are given. Define the

second-order differential operator L as follows:

u=iiau(x) +2b(x)—+c(x)u

=1=

If the quadratic form

i a;j(x) &&;

i=1

.
||M:
=

is defined at every point of the domain D for any ¢ € R™, then the differential operator
L is called elliptic.

B obnactu D, paccMOTpUM B3aMMHO-COMPSDKEHHBIE — BBIPOXKIAFOIINXCS
MHOT'OMCPHBIC JUIMIITHYCCKHUC YPAaBHCHUA

m
L= g(OA + e = ) ay(x, Oy, + b, O + G hu =0, (1)
i=1
m
L'u = g(t)Av + vy — Z a;vy, + bvy + cv =0, (1 %)

i=1

In the domain D, let us consider mutually adjoint degenerate multidimensional
elliptic equations

m

Lu=g(t)Au+ uy — z a;(x, uy,, + b(x, u, + c(x, Hu =0, (1D

i=1

m
L'u = g(t)Av + vy — z a;vy, + bvy + cv =0, (1%)

i=1



where g(t) >0 for t >0, g(0) =0, g(t) € C([0,a]) N C%((0,)), A, — is
the Laplace operator with respect to
X1, ey Xy M= 2,ad(x,t) = c— X% Qyy, — by

The formulation of the mixed problem for degenerate multidimensional elliptic
equations is as follows.

Problem 1. Find a solution of the equation

m

m

-1 ou

Uy r_z) + Uy + Z a;(r,0,)uy,, + b(r,0,)u, +
i=1

(1)

Lu = g(t) (urr +

+c(r,0,t)u = 0.
in the domain D, from the class C*(D,) N C?(D,), satisfying the boundary conditions
u|so =1(r,90), ut|so = v(r,0), ull“a =Y (t,0), (2)

with the compatibility conditions t(1,0) = y(0,0), v(1,6) = ¥ (0, 8).
Lemma 1. Let f(r,08) € W) (Sy). If I =m — 1, then the series

oo kn

0,0 = > > FEOVEn®), 3)

n=0 k=1

as well as the series obtained from it by differentiation of order p <[ —m + 1,
converge absolutely and uniformly.

{Y,{fm (9)} -crcTeMa JMHEHHO HE3aBUCUMBIX cpepruecKuX QyHKUUNA TOpsAaKa N,
1<k<k,, m-2)nlk,=(n+m-3)2n+m—-2),0 =
(91, ...,Qm_l). W}(Sy),1 =0, ...,1 - npoctpancTea Coboresa.

{Y,{fm(e)} — is a system of linearly independent spherical functions of order n,
1<k<k,, (m—=2nlk,=Mm+m-3)C2n+m—2),0 = (64, ...,0m_1)
W(Sy),1 = 0, ...,1 are Sobolev spaces.

Lemma 2. In order that f(r,0) € W./(S,), it is necessary and sufficient that the
coefficients of series (3) satisfy the inequalities

oo n
2
Ifd (M| < cy, Z Z n2|fk )| <y ¢y, c; = const

n=1k=1

By af,(r,t), afy(r,t), bi(r,0), & (r,0),di(r,t), p X, Tk (r), BE(r), ¥i(©),
we denote the coefficients of the series (1.3) corresponding to the functions

x.
a; (7", 91 t)p(e)' a; 7lp' b(?", er t)pr C(Tr e' t)p' d(T, 6) t)p, p(6),



i=1,..,m, t(r,0), v(r,0), Y(t,0), where p(0) € C*(H), H is the unit sphere in
E,,.

1.2 Let us consider the well-posedness of the mixed problem for a degenerate
multidimensional elliptic equation.

In the domain D, let us consider a degenerate multidimensional elliptic equation
in the case when the additional terms in equation (1) are equal to zero:

g®)Au+uy =0, (4)

where A, is the Laplace operator.
Equation (4) in spherical coordinates takes the following form::

m—1 1
g(t) <urr + —Ur — r—26u) +u; =0,

Problem 1.1. In the domain D, it is required to find a solution of the elliptic
equation from the class C*(D,) n C?(D,)

m-—1 1
g(t) (urr + Tur — r_26u) + u; =0, (5)

satisfying the boundary conditions

ulSO = T(T, e)lutlSo = V(T, 6)'u|l"a = L|J(t' 6)' (2)

where § — is a second-order differential operator,

m-—1

Z 1 0 ( m-j-1g, 0 )
= — — sin —
& g;sin™=i=16; 36; 7 96

g1=1g;= (sm@l sinHj_l)z,j > 1.

o kn
u(r,6,0 = ) Z by + 7 2 [95,0,) + 95,0, D]} (00, 6)
n=0 k=
al
k, < cn™? ﬁY,{‘m(H) SCZTlZ Hi=Tm-1,1=01,...(7)

The spectrum of the operator o consists of eigenvalues 4,, = n(n + m — 2),n = 0,1, ...
each of which corresponds to k,, orthonormal functions Y,¥,, (6).



Theorem 1. If the conditions stated in Lemmas 1 and 2 are satisfied for the given
functions in the boundary conditions (2), then the mixed problem 1.1 for equation (5)
has a unique solution in the domain D,, belonging to the classC*(D,) n C?(Dy,).

The solution is represented in the form (6) and satisfies estimate (7). Since this
solution continuously depends on the functions specified in the boundary conditions,
the stated mixed problem for the multidimensional elliptic equation is well-posed.

1.3 Existence and uniqueness of the solution of the mixed problem

In the domain D, let us consider degenerate multidimensional elliptic equations
(1.2).

Let us consider Problem 1 as a mixed problem and show the existence of its
solution.

Theorem 2. If ©(r,0), v(r,0) € WL(S,), W(t,8) € Wi(T,), 1 > 37"1 then

Problem 1 has a unique solution.
Let us construct a solution of the boundary value problem for equation (1*) with
the data

vlr, = 0,vls, = 0,v¢ls, = v(r,0) = V()Y (0),k =1,k,,n=0,1,...,(8)

where vX(r) € G, G is the set of functions v(r) from the class €([0,1]) n C*([0,1]).
The set G is dense in L,((0,1)).
Thus, we arrive at the Dirichlet problem:

Lu =0, u

which has the zero solution.

Therefore, the uniqueness of the solution of the problem is established, and
Theorem 2 is proved.

In the second chapter, a mixed problem for a class of degenerate
multidimensional elliptic-parabolic equations is considered.

2.1 The formulation of a mixed problem for a class of elliptic-parabolic
equations is presented.

Let 2,5 be a cylindrical domain of the Euclidean space E,,.; of points
(x4, ..., X, t), bounded by the cylinder I' = {(x,t): |[x|] = 1} and the planest = a > 0
and t = B > 0 t=p>0, where |x| is the length of the vector x = (x4, ..., X,,,)-

Let us denote by Q, and Q4 the parts of the domain Q,, and by I}, I's the parts
of the surface I' lying in the half-spaces ¢t > 0 and ¢ > 0; g, is the upper and o is the
lower base of the domain Q.

Let S be the common part of the boundary of the domains Q, and g,
representing the set {t = 0,0 < |x| < 1}in E,,.

In the domain £2,5, consider degenerate multidimensional elliptic-parabolic
equations



f m
t1Au —u; + z d;(x, uy, +e(x, u, t <0
0="1 m (9
[t]9Au — up + Z a;(x, )uy,, + b(x, u, + c(x, Hu, t <0,
\ i=1

where p,q = const,p > 0,q = 0,A, is the Laplace operator with respect to the
variables x, ..., x,,, m = 2.

In what follows, it is convenient to pass from Cartesian coordinates xy, ..., X,,, t
to spherical coordinates r,64,...,0,_4,t,r=20,0<60,<2m, 0<6;,<mi=
2,3,....m—1, 0= 64,...,0,,_1.

As a mixed problem, let us consider the following problem.

Problem 2. Find a solution of equation (21) in the domain Q4 for t # 0 from

the class C(Qgp) NCH(Qup U Q) NC?(Q, UQg), satisfying the boundary
conditions

_ .q m—1 1
Liu=t (urr+Tur—r—26u)—ut+

+ ) d;(1,0,)u,, +e(,0,t)u=0 (21)
ul, =000, ul, =10, (10)
u |Fﬁ = I»DZ(T" 9)! (ll)

with the compatibility conditions ¢(1,0) = ¥, (S, 0),¥,(0,8) = ¥,(0,6).
2.2 Well-posedness of the mixed problem and the structure of the solution for a
class of elliptic-parabolic equations.

In this section, in the domain Q,z, we consider a degenerate multidimensional

elliptic-parabolic equation
tiAu—u,t>0
-{ (12)
[t|PAu + Uy, t < 0.

Problem 2.1. In spherical coordinates, equation (12) in the domain €, is written

in the following form
m-—1

1
td (urr +—u — T—zdu) —u; =0 (13)

It is required to find a solution belonging to the class C(Q,) N C2(£,) in the
domain Q,, satisfying the conditions of the equation.



Since the desired solution of Problem 2 in the domain Q, belongs to the class
C(Q,) N C2(8,), the solution of Problem 2.1 can be sought in the form

o kn

u(r,0,t) = Z z @ (r, DY, (0), (14)

n=0 k=1

where ik (r, t) — are functions to be determined.
Thus, taking into account the boundary conditions in the domain €z, we arrive

at a mixed problem for a degenerate multidimensional elliptic equation

|t|pru - utt = 0 (15)

with the data

u|S =1(r,0), u; |S =v(r,0),u

T = IIJZ (t, 6) (16)
B

oo

PG = Y @O (sr), T 20KE) = Y boly(sar), (A7)
s=1

s=1

Theorem 3. If the given functions in the boundary conditions (10), (11) satisfy
the conditions of the lemmas and the convergence conditions, then the mixed problem
(21) for equation (13) has a unique solution in the domain €,,.

This solution is determined by the expansion of the form (14) and is expressed
in terms of Fourier—Bessel series (17), which, together with their derivatives, converge
absolutely and uniformly. Therefore, the stated mixed problem is well-posed.

2.3 Existence and uniqueness of the solution of the mixed problem

In the domain Q,z, consider equations (7) and, as a mixed problem, consider
Problem 2 and show its solvability.

Theorem 2. If @(r,0) € W,”(S),11(t,0) € W, (1), ¥ (t,0) € W, (), p >
3m . .
- then Problem 2 is uniquely solvable.

First, let us show the existence of a solution to problem (9), (10) in the domain
Q,. Consider equation (21) in spherical coordinates.

The desired solution of Problem 2 in the domain Q, will be sought in the
following form

o kn

u(r, 0,t) = Z 2 @ (r, Y5 (6), (18)

n=0 k=1

where @k (r, t) are functions to be determined.



o kn

u(r,0,0) = 7(r, 0) = z Z k()Y (6),
n=0 k=1

(19)

o uZ
f s (E) exp ( fq“> dE +
0

k k o eom
rn<r)=¢1n<0)+21r z e
S=

2
u )
+bs,n <exp q :_ml O(Q+1>]]n+(m2—2)(us,nr)-

o Kkn

U (r,6,0) = v(r,8) = > > vEEIVin(®)
n=0 k=1

(20)

2—m

V,’{’(T‘) = lIﬂfnt(o) - SZIT 2 as,n(o)]n_l_(mz—z)(l-ls,nr)-

o kn

u(r,0,0) = 7(r, 0) = z z k()Y (6),
n=0 k=1

(21)

o u2
f asn () exp <i fq“) dg +
0 q

k k o e
() = W (0 + ) 12 o
s=1

2
u )
+bs <exp —q fl—ml aQ+1)]]n+(m2—2)(lis,n7”)-

o kn

U (r,6,0) = v(r,0) = > > vEGIVEn(®)
n=0 k=1

(22)

2—m

V-,I{(T) = l~|Jllcnt(0) - ;T 2 as,n(o)]n_l_(mz_—Z)(“s,nr)-

Thus, taking into account the boundary conditions (11), (21), (22) in the domain
Q,, we arrive at a mixed problem for degenerate multidimensional elliptic equations

m
Lou = |t|PAu + up + Z a;(r,0,t)uy, + b(r,0,t)u, + c(r,0,t)u = 0,(23)
i=1

with the data



uszr(r,H), ut| =v,(r,0), u

5 " = (¢, 0). (24)

First, let us consider problem (7), (8) in the domain €, and prove the uniqueness
of its solution. For this purpose, we construct a solution of the first boundary value
problem for the equation

m
1 EtIAw — v — Z d;vy, +dv =0, (21)
i=1
with the data

q o= 1r,0) = TEOYEO), v, =0, (25)

I—'(Z

where d(x,t) = e — Y™, d;x;, TX(r) € G, G is the set of functions t(r) from the class
C([0,1]) n €*((0,1)), the set G is dense in L,((0,1)).

) 3
Llﬁrlf = t4 (ﬁrllcrr + r_;lﬁrlf> - ﬁrlft = fnk(r; t), (26)

Thus, by the extremum principle for parabolic equations (21) ([23]) u = 0in Q.
It follows that
us(r,0,0) =v(r,0) =0,v(r,0) €S.

Thus, we arrive at the homogeneous mixed problem (25), (26), which, by virtue
of Theorem 1, has the trivial solution.

In the third chapter, a mixed problem for degenerate multidimensional elliptic-
parabolic equations is considered.

3.1 The formulation of a mixed problem for elliptic-parabolic equations is
presented.

Let 02,z be a cylindrical domain of the Euclidean space E,,; of points
(x4,..., %y, t) bounded by the cylinder I' = {(x, t); |x| = 1}, and the planes t = a >
0 and t = B < 0 where |x]| is the length of the vector x = (x4,..., Xx,,).

Let us denote by 2, and £ the parts of the domain 2,4, and by I, I the parts
of the surface I, lying in the half-spaces t > 0 and t < 0, o, is the upper and g is the
lower base of the domain 2.

Let S - be the common part of the boundaries of the domains (2, and £,
representing the set {t = 0,0 < |x| < 1} in E,,.

In the domain {2, consider degenerate elliptic-parabolic equations



_ g(OAu —up + Y25 d; (x, Duy, + e(x, u,t >0, (27)
p(O)Au + uy + X2 a;(x, Ouy, + b(x, u, + c(x, u, t <0,
where g(®) > 0fort>0,9(0) =0,g(t) € C([0,a]) N C%((0,a)),

p(t) > 0fort < 0,p(0) = 0,p(t) € C([B,0D),
A, 1s the Laplace operator with respect to the variables x4, ..., x,,,, m = 2.
Problem 3. Find a solution of equation (27) in the domain 2,4 for t # 0 from

the class C(Qqg) N C(24p5) N C?(2,4 U 02g), satisfying the boundary conditions

ulFa = 1ljl(tr e)rulaa = QD('I‘,Q), (28)
ull“[; = lpZ(t) 9)1 (29)
m-—1 1
Liu = g(t) <urr + — U — T—ZSu) —u; +
(31)
m
+z d;(r,0, t)uxi +e(r,60,t)u =0,
i=1
m-1
2. a5
= — — sin  —
= nglnm J 10] 69] ] 60]

g=19;= (sin6, ...sinHj_1)2;]' > 1.

3.2 Well-posedness of the mixed problem
In this section, in the domain Q,z, we consider a degenerate multidimensional

elliptic-parabolic equation

30
p()A U+ Uy, t <0 (30)

0 {g(t)Axu — U, t>0
In spherical coordinates, equation (30) in the domain (., takes the following
form.
Problem 3.1. In the domain €, it is required to find a solution of the equation
from the classC(Q,) N C?(Q,)
m—1 1

g(t) (urr + — U — r—26u> —u; = 0. (31)

satisfying the boundary conditions (28), (29).



Since the desired solution of Problem 3 in the domain Q, belongs to the
classC(Q,) N C?(Q,), it can be sought in the form

o kn

u(r, 0,t) = Z z @ (r,O)YE, (), (32)

n=0 k=1

where @k (r, t)are functions to be determined.

Ts,n(t) = (exp <_.u§,n f g(f)d'f)) X
0

(33)
a '3
x ( j aon(©) (exp i, f g(&)d&) df)-
t 0
. . a ¢
th(r) = Y5, (0) + Z r 2 l j asn(8) (eXp (uﬁ,n f 9(51)21>> dg +
s=1
0 0 (34)

a

+bs,n exp <p‘§n J g(f)d€>1n+mz—2(US,nr)'

0

as,n(t) = 2[]v+1(p-s,n)]_zj \/Efnk(z' t)]v(p-s,nz)dz’ (35)
0

by = 2l (sn)] j JEBE© (hsnE)dE 36)

o Kkn

u,(r,6,0) = v(r, 0) = z z VEYE (6), 37)

n=0 k=1

Thus, taking into account the boundary conditions (29), (34), (36) in the domain
Q,, We arrive at a mixed problem for degenerate multidimensional elliptic equations

g®)Au+u, =0 (38)

with the data



uls =t(r,0), uls=v,(,0), ulr, =y,(t0).

In Section 1.2, it was proved that this problem has a unique solution (Theorem
1).

Theorem 5. If the boundary conditions (29) are satisfied and the coefficients
(33), (35), (34) satisfy the convergence conditions of the Fourier—Bessel expansion,
then the mixed problem (31) for equation (3;) has a unique solution in the domain Q,,
belonging to the class C(Q,) N C%(Q,).

Moreover, since problem (3;) can be reduced to problem (1,)—(2) considered in
Section 1.2, its solution exists, is unique, and depends continuously on the given data.
Therefore, problem (3,)—(31) is well-posed.

3.3 Solvability and uniqueness of the solution of the mixed problem.

In this section, in the domain Q,z we consider equation (3;) and, as a mixed

problem, consider Problem 3 and show its solvability.
Theorem 6. If o(r,6) € W, (S), ¥, (t,0) € W (T)P,(¢t,0) € WE(Tp), p >

37"1 , then Problem 3 has a unique solution.

First, let us show the solvability of problem (27), (28). Consider equation (27)
in spherical coordinates in the domain €, i.e., we obtain equation (3;).

o kn

u(r,0,0) = 7(r,0) = z Z k()Y (6), (39)

n=0 k=1
) a 3
k@) =Pl O+ Y 1z l [ asn@ | expuzn [ gtz |ds +
s=1 0

0

a

+bs,n exp Mg,nj.g(f)df ]n+(m—2)/2(.us,nr)’

0

oo kn

4 (1,6,0) = v(r,0) = > > vE(IVin(6), (40)

n=0k=1

Thus, taking into account the boundary conditions in the domain Q,, we arrive
at a mixed problem for degenerate multidimensional elliptic equations

Lyu = p()Ayu + uee + X121 a;(r, 0, uy, + b(r,6,)u, + c(r,0,t)u = 0,(41)

with the data



ul, = 7(r,0), w|, =v(r,0), u |FB = 1,(t,0) (42)

According to Theorem 2 proved in the first chapter, if ©(r,0), v(r,0) € W}(S),
P, € Wi(Ip), 1> 377" then problem (41), (42) has a unique solution.

Further, using this theorem, we obtain the solvability of Problem 3.

Thus, by the extremum principle for the parabolic equation (3;) u = 0in Q,.

It follows that u,(r,6,0) = v(r,6,0) = 0,V (r,0) € S.

Thus, we arrive at the homogeneous mixed problem (41), (42), which, by virtue
of Theorem 1, has the trivial solution. Therefore, the uniqueness of the solution of
Problem 3 is proved.

Main results of the dissertation:

— a mixed problem for degenerate multidimensional elliptic equations is
formulated, its solution is sought in the form of a series in spherical coordinates, and
the existence of the solution and the well-posedness of the problem are proved;

— the uniqueness of the solution to the mixed problem for degenerate
multidimensional elliptic equations is proved;

— for a class of elliptic-parabolic equations, a mixed problem is formulated, its
well-posedness is established, the existence of the solution is proved, and an explicit
solution of this problem is obtained;

— the uniqueness of the solution to the mixed problem for a class of elliptic-
parabolic equations is proved,;

— the existence of the solution to the mixed problem for degenerate
multidimensional elliptic-parabolic equations is proved, its explicit solution is
obtained, and well-posedness is established;

— the uniqueness of the solution to the mixed problem for degenerate
multidimensional elliptic-parabolic equations is established.



